HEAT TRACE ASYMPTOTICS AND BOUNDEDNESS IN H? OF ISOSPECTRAL
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ABSTRACT. Let Q be a C°-smooth bounded domain of R™, n > 1, and let the matrix a € C>((; R"2)
be symmetric and uniformly elliptic. We consider the L?()-realization A of the operator —div(aV-) with

Dirichlet boundary conditions. We perturb A

by some real valued potential V' € C§°(£2) and note Ay =

A+ V. We compute the asymptotic expansion of tr (e’tAV - e*tA) as t | 0 for any matrix a with constant
coefficients. In the particular case where A is the Dirichlet Laplacian in €2, that is when a is the identity of

R"2, we make the four main terms appearing i
L°°-bounded sets of isospectral potentials of A

n the asymptotic expansion formula explicit and prove that
are bounded in H2(Q).
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NTRODUCTION

In the present paper we investigate the compactness issue for isospectral potentials sets of the Dirichlet

Laplacian by means of heat kernels asymptotics.

1.1. Second order strongly elliptic operator. Let a = (a;;)1<; j<n? > 1, be a symmetric matrix, with
coefficients in C*°(R"™). We assume that a is uniformly elliptic, in the sense that there is a constant g > 1
such that the estimate

(1.1) wo

holds for all x € R™ in the sense of quadratic forms on R".

' <a(z) <y,

1
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We consider a bounded domain 2 C R™, with C*° boundary 90 and introduce the self-adjoint operator
A generated in L?(2) by the closed quadratic form

(1.2) afu] = /Qa(x)Vu(cc) - Vu(x)dz, u € D(a) = Hy(Q),

where H}(Q) is the closure of C§°(2) in the topology of the standard first-order Sobolev space H!(Q). Here
V stands for the gradient operator on R". By straightforward computations we find out that A acts on its
domain D(A) = H?(Q) N H(Q), as

n
(1.3) A=—div(a(@)V-) = - Y 9;(ai;(x)d; ).
i,j=1
Let V € C5°(R™) be real-valued. We define the perturbed operator Ay = A+ V as a sum in the sense of
quadratic forms. Then we have D(Ay ) = D(A) by [RS2, Theorem X.12, page 162].

1.2. Main results. Put
(1.4) ZE () = tr (e74v —e7) ¢ > 0.

Much of the technical work developed in this paper is devoted to proving the existence of real coefficients
cx(V), k> 1, depending only on V, such that following symptotic expansion
(1.5) ZE () =t (ter (V) + 2o (V) + ...+ tPe, (V) + 0 (27F1)) , £ ] 0,
holds for a constant. Moreover we shall see that (1.4)-(1.5) remain valid upon replacing € by R™ in the
definition of A (and subsequently Hg(2) by H'(R") in (1.2)).

Since  is bounded then the injection H{ (2) < L?(Q) is compact. Thus the resolvent of Ay is a compact
operator and Ay has a pure point spectrum. Let {\Y, j € N*} be the non-decreasing sequence of the

7 )
eigenvalues of Ay, repeated according to their multiplicities. We define the isospectral set associated with

the potential V € C5°(2) by
Is(V) = {W € C(Q); A} =\, ke N}

The computation carried out in section 5.2 of the coefficients ¢; (V') appearing in (1.5), for j = 1,2, 3, 4, leads
to the following result.

Theorem 1.1. Let a be the identity of R . Then for all V € C§°(Q) and any bounded subset B C L™ (),
the set Is(V) N B is bounded in H?(S2).

Since H?(2) is compactly embedded in H*(f2), for any s < 2, Theorem 1.1 entails the:

Corollary 1.1. Under the conditions of Theorem 1.1, the set Is(V) N B is compact in H*(QY) for each
s € (—00,2).

It is worth mentioning that the method developed to calculate the first coefficients of the expansion
formula (1.5) when a is the identity of R"" may be generalized to the case of a constant matrix a at the
expense of heavier computations. Nevertheless, for the sake of computational simplicity, this specific part of
the analysis was restricted to the case of the Laplace operator.

1.3. What is known so far. It turns out that the famous problem addressed by M. Kac in [Kal, as whether
one can hear the shape of drum, is closely related to the following asymptotic expansion formula for the
trace of /29 on a compact Riemannian manifold (M, g):

(1.6) tr (e"89) = £772 (eq + ter + s + ... + tFe + O (1))

Here A, is the Laplace-Beltrami operator associated with the metric g and the coefficients ey, & > 0, are
Riemannian invariants depending on the curvature tensor and its covariant derivatives. There is a wide
mathematical literature about (1.6), with many authors focusing more specifically on the explicit calculation
of ey, k > 0. This is due to the fact that these coefficients actually provide useful information on g and
consequently on the geometry of the manifold M. The key point in the proof of (1.6) is the construction of
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a parametrix for the heat equation 0y — A,4, which was initiated by S. Minakshisudaram and A. Pleijel in
[MP].

A survey on isospectral manifolds can be found in [GPS]. This problem is still at the center of the attention
of geometers. As a matter of fact Dryden, Gordon, Greenwald and Webb recently calculated the asymptotic
expansion of the heat kernel for orbifolds in [DGGW]. In the same spirit, the heat trace asymptotics for
general connections has been expressed by Beneventano, Gilkey, Kirsten and Santangelo in [BGKS].

Since the present work is not directly related to the analysis of the asymptotic expansion formula (1.6),
we shall not go into that matter further and we refer to [BGM, Ch, Gi2, Ka, MS] for more details.

The asymptotic expansion formula (1.5), for the Laplacian in the whole space, was proved by Y. Colin
de Verdiére in [Co] by adapting (1.6). An alternative proof, based on the Fourier transform, was given in
[BB] by R. Banuelos and A. S4 Barreto. The approach developed in this text is rather different in the sense
that (1.5) is obtained by linking the heat kernel of e *4V to the one of e~*4 through Duhamel’s formula.
The asymptotic expansion formulae (1.5) and (1.6) are nevertheless quite similar, but, here, the coefficients
¢k, k > 1, are given as integrals over €2 of polynomial functions in V' and its derivatives. This situation is
reminiscent of [BB, Theorem 2.1, page 2154] where the same coefficients are expressed in terms of the tensor
products Ve...® V where V is the Fourier transform of the potential V. Let us finally mention that
Colin de Verdlere obtained a semi-classical trace formula for heat kernels of magnetic Schrodinger operators
in [Co2]

As will appear in section 5, the proof of the compactness Theorem 1.1 boils down to the calculation of
the four main terms in the asymptotic expansion formula (1.5). This follows from the basic identity

Z e Mt = tr tAV) = tr (e*m) + Zs‘z/(t)7

k>1

linking the isospectral sets of Ay to the heat trace of A. Compactness results for isospectral potentials
associated with the operator A, + V' were already obtained by Briining in [Br, Theorem 3, page 696] for
a compact Riemannian manifold with dimension no greater than 3, and further improved by Donnelly in
[Don]. Their approach is based on trace asymptotics borrowed to [Gil, Theorem 4.3, page 230]. Our strategy
is rather similar but the heat kernels asymptotics needed in this text are explicitly computed in the first
part of the article.

1.4. Outline. Section 2 gathers several definitions and auxiliary results on heat kernels and trace asymp-
totics needed in the remaining part of the article. The asymptotic formula (1.5) is established in Section 3.
Finally section 5 contains the proof of Theorem 1.1.

2. PRELIMINARIES

In this section we introduce some notations used throughout this text and derive auxiliary results needed
in the remaining part of this paper.

2.1. Heat kernels and trace asymptotics. With reference to the definitions and notations introduced in
section 1 we first recall from [Ou, Chapter 4, page 102] that the operator — Ay, where V' € C5°(f2), generates
an analytic semi-group e~*4v on L?(Q). We denote K the heat kernel associated with e~*4V in such a
way that the identity

(2.1) (_tAVf /Kvtxy fly)dy, t >0, z€Q,

holds for every f € L?(Q). Let My be the multiplication operator induced by V. Then we have

t
etV — 714 —/ e~ AN e AV s, ¢ >0,
0
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from Duhamel’s formula. From this and (2.1) then follows that
(2.2) KY(t,z,y) = K(t,z,y) / / K(t—s,2,2)V(2)KY (s,2,y)dzds, t >0, x,y € Q,
where K denotes the heat kernel of e 7*4. Upon solving the integral equation (2.2) with the unknown function
KV by the successive approximation method, we obtain that
(2'3) Kv(t7 x? y) = ZKJ‘/(t7 1"7 y)7 t > 07 x?y e Q?
7>0
with

(2.4) K (t,z,y) = K(t,z,y) and K]_H (t,z,y) / / K(t—s,x,z2 V(z)KJ‘-/(s,z,y)dsdz for all j € N.

Thus, for each t > 0 and z,y € Q, we get by induction on j € N* that

KY (ta.y) = /2 / / / " [HK i1 = iz, 2V () | K., p)d=9db),

where tg =t, 29 = «, and du/ = du; ... du; for u = z,t. From this, the following reproducing property
(2.5) /QK(t —s,2,2)K(s,2z,y)dz = K(t,x,y), t >0, s € (0,t), x,y € Q,

and the estimate K > 0, arising from [Fr], then follows that

(2.6) |Ky(t,x,y)|§WK(t,x7y), t>0, z,yeQ, jeN.

Therefore, for any fixed x,y € €, the series in the right hand side of (2.3) converges uniformly in ¢ > 0.
Having said that we consider the fundamental solution I' to the equation

0 —div(a(z)V-) =0, — Y _ 9;(aij(x)d; ,-) =0 in R™.
i,j=1
Then there is a constant ¢ > 0, depending only on n and u, such that we have
(2.7) T(t,2,y) < (ct)"2e ==/t 50, 2,y € R",
according to [F'S]. Further, arguing as in the proof of Lemma 2.1 below, it follows from the maximum
principle that
(2.8) 0< K(t,z,y) <T(t,z,y), t >0, z,y € Q.

Thus, by (2.6)-(2.7), for all fixed ¢ > 0, the series in the right hand side of (2.3) converges uniformly with
respect to z and y in €2, and we have

(2.9) /Kvtmxd:v—ZAV whereAV /K (t,x,z)dx, j € N.
7>0
As )\,‘C/ scales like k2/™ by [Kav, Lemma 3.1, page 229] then we have Zzil e~ < 00, hence e *4V is trace

class since o(e=*4v)\ {0} = {e=, k > 1} from the spectral theorem (see e.g. [EnNal, Corollary 3.2,
page 289] or [EnNa2, Corollary 2.10, page 183]). On the other hand, e *4V being an integral operator with
smooth kernel (see e.g. [Da]), we have

(2.10) tr ( _tAV / KY(t,z,x)dr = Ze‘w‘k ,
E>1
Notice that the right identity in (2.10) is a direct consequence of Mercer’s theorem (see e.g. [Hol), entailing

Vit,x,y) = Ze t’\kgbk )X @) (y), t>0, z,y € Q,

k>1
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where {(;SX, k € N*} is an orthonormal basis of eigenfunctions ¢kV of Ay, associated with the eigenvalue /\kV.
Finally, putting (1.4) and (2.9)-(2.10) together, we find out that

(2.11) Z5(t) =Y AV (1), t>0.

j=1
2.2. Estimation of Green functions. We start with the following useful comparison result:

Lemma 2.1. For § > 0 put Qs = {z € Q; dist(z,0Q) > d}. Then we have

2c6?
0 < T(t,a,y) — K(t,a,y) < (ct) "2/ 0<t < T 2 eQ ye,
n

where ¢ is the constant appearing in the right hand side of (2.7).

Proof. Fix y € Q5. Then u,(t,z) = I['(¢,z,y) — K(¢, x,y) being the solution to the following initial boundary
value problem

Opuy(t,x) — 3501 05(aijduy(t,2)) =0, t>0, z€Q,

uy(0,2) =0, T €,

uy(t,z) =T (¢, z,y), t>0, ze€odf,
we get from the parabolic maximum principle (see e.g. [Fr]) that u,(t,z) < maxozfagt I'(s, z,y). Therefore

we have
2 2
u, (t,2) < max (cs) ™"/ 2e™FY/s < max (es) T2/ >0, x € Q,

z€00) T 0<s<t
0<s<t

by (2.7). Now the desired result follows readily from this and (2.8) upon noticing that s s (cs)~"/2e=¢5"/s
is non-decreasing on (0,2c6%/n). O

Remark 2.1. a) The functions K (t,-,-) and I'(¢, -, ) being symmetric for all ¢ > 0, the statement of Lemma
2.1 remains valid for z € Qs and y € (2 as well.

b) A result similar to Lemma 2.1 can be found in [Mi] for the Dirichlet Laplacian, which corresponds to
the operator A in the particular case where a is the identity matrix. This claim, which was actually first
proved by H. Weyl in [We], is a cornerstone in the derivation of the classical Weyl’s asymptotic formula for
the eigenvalues counting function (see e.g. [Dod]).

¢) We refer to [Co] for an alternative proof of Lemma 2.1 that is based on the classical Feynman-Kac formula
(see e.g. [SV]) instead of the maximum principle.

Let us extend V' € C§°(Q2) to R™ by setting V() = 0 for all z € R™\ §2, and, with reference to (2.3)-(2.4),
put

(2.12) LY (t,x,y) =T(t,2,y) and Fg+1 (t,z,y) / / —5,T,2 V(z)I‘;-/(&z,y)dsdz,j eN,

for all ¢ > 0 and z,y € R™. Armed with Lemma 2.1 we may now relate the asymptotic behavior of A;/(t) as
t | 0 to the one of

(2.13) BY(t) = / LY (t,,z)dx, t >0, j €N.
Q

Proposition 2.1. Let j € N*. Then for each k € N we have AY (t) = B} (t) + O(t*) ast | 0.

Proof. Choose § > 0 so small that supp(V) C s, where Qs is the same as in Lemma 2.1, and pick
t € (0,2¢0%/n). Then, for all 2,y € Q, we have

Y (£, ) — KV (¢ 2.)] / /Q o, V(s 20 y) — K(s,2,y)ldzds

/ / [(t—s,x,2) — K(t—s,z,2)||[V(2)|K(s, z,y)dzds,
0 JQs
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by (2.4) and (2.12). This, together with Lemma 2.1 and part a) in Remark 2.1, yields

(2.14) |V (t,z,y) — KV (t,z,y)| < Hv||oo(ct)—n/2e—062/t (/t/ (s, x,z)dzds + /t/ F(s,z,y)dzds) ,
0 JR» 0 JRr

for all ¢ > 0 and a.e. z,y € ). Here we used the estimate 0 < K < I' and the fact that the function

s > (cs)™™/2¢=0"/5 is non-decreasing on (—oo,2¢6%/n]. Further, due to (2.7), there is a positive constant
C, independent of ¢, such that

¢ t
/ / (s, x,z)dzds +/ / (s, z,y)dzds < Ct, t > 0,2,y € Q,
0 n 0 n

Y (t,2,y) — KV (t2,9)| < C|[V||sot(ct) ™20/t 1> 0, 2,y € Q,

so we obtain

by (2.14). Similarly, using (2.6) and arguing as above, we get
4
T3 (t,2,y) — K} (t,2,y)| < (CllVHoo)Jﬁ(ct)*"”@*c‘;z/t’ t>0, z,y €,
by induction on j € N*. Now the result follows from this, (2.9) and (2.13). O

2.3. The case of a constant metric. We now express the function (t,2) € R} xR" — F}/(t, x,x), j € N*
defined by (2.12), in terms of the heat kernel I' and the perturbation V', in the particular case where a is
constant. Since a is regular (i.e. invertible) by (1.1) then I'(¢,x,y) is explicitly known and coincides with
the following Gaussian kernel

(2.15) G(t,x—y) = (4nt) /2 (deta=) /e e e=0)/U0) 450 5y e R,
where a—! is the inverse matrix of a. The result is as follows.

Lemma 2.2. Assume that a is constant and fiz j € N*. Then we have
1% _ n/2
Y (hae) = (-1P8° //)// 7

for allt >0 and x € R™, where G is defined by (2.15). Here we have set so = 1, wg =0 and dv/ = du, ... du;
foru=s,w.

J
H (8521 — 8iswi—1 — wy)V(x + Vtw;)
=1

xG(s;,w;)d T duw?

Proof. The main benefit of dealing with a constant matrix a is the following property:

D(ts,z,y) = /21 <s t,s >0, z,y € R™.

From this and the following identity arising from (2.12) for all ¢ > 0 and z,y € R",

Y (tay) = (—1)J'tj/( N /01/051.../03'7‘_1 lljf(t(si—1 — i), zi—1, %)V (%)

with zg = z, then follows that

[(ts;, zj,y)ds’dz?

14
F_] (ta 'Thy)

1 S1 Sj—1 J . .
= -1 jtji(j+1)n/2/ / / . / r <Sz Siy Zit ) Zi) %4 Zi
=1) oo o ooy [T (s s 2 J VD
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Thus, by performing the change of variables (z1,...2;) = Vt(w1,...w;) + (x,...,x) in the above integral,
we find out that

1 psy sj—1 [ I
Y(tz,y) = (-1 jtj_"/2/ / / / F(si —si,i—&-wi, ,x—i-wi)V z + Viw;
Ve = e [ [T (s s ) V(e Vi)

xT’ (Sj7jf + wy, \%) ds?duw? .

Finally, we obtain the desired result upon taking y = z in the above identity and recalling that I" verifies

T T
T'(t,—=+z,—+w]| =T(z,w) =Gt z—w),
(7 G+ u) =Flen =Gt
for all £ > 0 and z, z, w in R"™. O

3. ASYMPTOTIC EXPANSION FORMULAE

In this section we establish the asymptotic expansion formula (1.5). The strategy of the proof is, first, to
establish (1.5) where

(3.1) ZV(t) = tr(e v — 7)) ¢ > 0,

is substituted for Z} (t), and, second, to relate the asymptotics of Z¥ (¢) as ¢ | 0 to the one of ZV (¢).
Here H is the self-adjoint operator generated in L?(R™) by the closed quadratic form

hlu] = /n a(z)Vu(z) - Vu(x)dz, v € D(h) = Hl(R"),

and Hy = H 4+ V as a sum in the sense of quadratic forms. It is easy to check that H acts on its domain
D(H) = H?(R"™), the second-order Sobolev space on R", as the right hand side of (1.3). Moreover we have
D(Hy) = D(H) since V € L*(R"™). In other words H (resp., Hy) may be seen as the extension of the
operator A (resp., Ay) acting in L?(R"), and, due to (2.12) and (3.1), we have

(3.2) ZV(t) =Y HY (1), t> 0, where HY (1) = / TV (4, 0)de, €N,
j=>1

In light of this and Lemma 2.2, we apply Taylor’s formula to V' € C§°(Q), getting for all j > 1 and p > 1,

J p—1 J
1
(3.3) H V(x4 twy) = Zte Z —— H OV (z)wp™ | + PR (L, x,wy ... wy),
k=1 =0 |jar ooy l=e Y D
where
D 1 J
(3.4) RE(t,z,wy .., wy) = Z T / (1—s)P! H 0%V (x + stwy)wy*ds.
o |+ofay=p LTI T0 k=1
For the sake of notational simplicity we note
j Y
(3.5) o = (af,...,0a}) € (N™), oll = H o ! and W]-O‘J = H wg?",
k=1 k=1
so that (3.3)-(3.4) may be reformulated as
J p—1 W{lj J ;
(3.6) H V(x +twy,) = th Z ﬁ H OV ()| +tPRE(t, x,wy ..., wy),
k=1 =0 lad|=¢ T k=1
with
pwy

(37) R?(t,x,wl...7wj) = Z

‘aj |=p

1 J
/ (1—s)Pt H 0V (z + stwy,)ds, j,p € N*.
0 k=1

ol
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Next, with reference to (3.5) we define for further use

(3.8)  coi = aa'/n)J/ / / we’

where, as usual, so = 1, wg = 0, and du’ stands for du1 ...du; with u = s, w. Putting

(3.9) /Ha%v )dz, j € N*,
Q

k=1

G(Si,1 — S, W;—1 — wi) G(sj,wj)dsjdwj,

we may now state the main result of this section.

Proposition 3.1. For any p € N*, the asymptotics of ZV (t) and Z} (t) as t | 0 have the expression

p
S tPa(V) + O( ),

where

(3.10) Pe(V)= > (-1 > carPas(V),
1<j<e/2 lad |=£—2j

the coefficients cni and P,i (V') being defined by (3.8)-(3.9).
Proof. In view of (2.13), Lemma 2.2 and (3.9) we have

p—1
t"BY (2) = (=1)7 S_ 4% N7 i Pos (V) + O(t7%), £ >0, j € N*,
£=0 lad |=£
and hence
t"BY (1?) = Z t“ > caPaus(V)+O(), >0, j €N,

=25 |od|=-2j
Summing up the above identity over all integers j between 1 and (p — 1)/2, we find that

p—1
o B = D (=Y DY casPas(V) +O()

1<j<(p—-1)/2 1<j<(p—-1)/2 £=2j  |ad|=0-2j

and hence
D> S Y 0 Y wnav o
1<5<(p—1)/2 = 1<5<4/2 |ad |=£—25

As a consequence we have t" >, ., 1)/ B ( BED Y tZ’Pz(V) + O(tP), hence

(3.11) "> By (t%) Z t“Po(V) + O(tP).

i>1
Now, upon performing the change of variables (w1,...,w;) — (—w1, ..., —w;) in the right hand side of
(3.8) we get that s = (—1)I"lc,;. Therefore ¢,y = 0 for |a?| odd. As a consequence we have
Paua(V)= Y (1)) Y casPa,(V)=0.
1<j<e |od|=2(6—5)+1
Thus, applying (3.11) where 2(p + 1) is substituted for p, we find out that

2p+1
"> B (1) = > t'Pu(V) + O£ D) = Zt“m +O(t2P D),

Jj=1
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which, in turn, yields
P

(3.12) 2N "B (1) =Y _t'Pau(V) + O,

i>1 =1
Next, bearing in mind that V' is supported in 2, we see that P,; (V) = fR” i:l GaiV(:ﬂ)daz for all j € N*.
This entails
P

(3.13) N THY (1) =) tPa(V) + O,

i>1
upon substituting (3.2) for (2.13) in the above reasoning. Finally, putting (2.11), (3.12) and Proposition 2.1
(resp. (3.2) and (3.13)) together we obtain the result for Z§ (resp. ZV). O

Proposition 3.1 immediately entails the:
Corollary 3.1. Let Vy € C§°(2). Then, under the conditions of Proposition 3.1, each V' € Is(Vy) verifies
Pe(V) =Pe(Vp), £ > 2.

Remark 3.1. Tt is clear that the asymptotic formula stated in Proposition 3.1 for ZV remains valid if V is
taken in the Schwartz class .7 (R™).

4. TWO PARAMETER INTEGRALS

In this section we collect useful properties of two parameter integrals appearing in the proof of Theorem
1.1, presented in section 5. As a preamble we consider the integral

(4.1) / / / / f w1, U}Q 1 — Sl,wl)G(S1 — S2, W1 — wQ)G(SQ,’LUQ)dwldIUstldSQ,

where f € C*(R™ x R™) and G is defined by (2.15). For all o € o, the set of permutations of {1,...,n},
and all z = (21,...,2,) € R", we write 0z = (2,(1),- - -, 25(n))- Similarly, for every wy,ws € R", we note

o(wy,ws) = (ows, awg) and foo(wy,ws) = f(o(wy, w2)) The following result gathers several properties of
I, that are required in the remaining part of this section.

Lemma 4.1. Let f € C*°(R" x R™). Then it holds true that:

i) In(f) = LI.(Sf), where S denotes the “mirror symmetry” operator acting as S f(w1,ws2) = f(wa,wr);
it) In(f) = L.(foo) forallo € op;
i1i) If there are f, € C*(R xR), k=1,...,n, such that

1 ny ;
fwi,ws) ka wi,wh), wy = (w), .. wk),i=1,2,

and if any of the fi, is an odd function of (w¥,w%), then we have I,,(f) = 0.

Proof. i) Upon performing successively the two changes of variables 71 = 1 — 57 and 79 = 1 — s in the right
hand side of (4.1), we get that

1 1
In(f) = / / / / f(w1,w2)G(7'1,w1)G(Tg — T1,W1 — ’LUQ)G(l — TQ,WQ)d’LUld’LUQdTQdT1

1 T2
- / / / / Jw, w2)G (T, w1)G (T2 — 71, w1 — we)G(1 — T2, w2 )dwi dwadTydTs,

so the result follows by relabelling (wy,ws) as (wa, w1).
ii) In light of (2.15) we have G(t,w) = G(t,0'w) for all t > 0, w € R" and o € 0, hence I,,(f) is equal to

1 S1
/ / / / flwy, wr)G(1 — 51, 0w )G(s1 — 82,0 twy — o we)G(s2, 0wy ) dw dwadsids,,
n n O O
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according to (4.1). The result follows readily from this upon performing the change of variable (wq,ws) =
0'71 (U)l R ’U)Q)

iii) This point is a direct consequence of the obvious identity I,,(f) = [Tr_; [1(fx), arising from (2.15) and
(4.1). O

We turn now to evaluating integrals of the form
(42) 10476 = Iavﬁ(sh 52) = / / xayﬁg(l - 5171')9(51 — 52, — y)g(827y)dl'dy, O[,B S N7 51,82 € Ra
RJR
where g denotes the one-dimensional Gaussian kernel defined by (2.15) in the particular case where n = 1.

This can be achieved upon using the following result.

Lemma 4.2. Let o, € N. If o+ B is odd we have I, 3 = 0 and if o + [ is even, it holds true for all
$1,82 € R that
i) I 1(s1,82) = 2(4m) " V2(1 — 51)89;
it) Ia,p(s1,82) = 2(1 = s1)s2 [2(v = 1)(B — 1) (51 — s2)[a—2,8-2(51, 52) + (@ + B — 1) Ia—1,8-1(s1, 52)];
iii) I p(s1,82) = 2(1 —s1) [(a — 1)s110—2,8(81,82) + Bs2la—15-1(51, $2)];
i) Inp(s1,82) =2(1—s1) [(+ B —1)s1la—2,(51,52) —28(8 — 1)s2(s1 — s2)Ia—2,p-2(51,52)];
v) Taa0(s1,82) = (4m) 71 /2(20)!/ (al)s (1 — 1)
vi) To2a(s1,82) = (4m) 712 (20)! /()55 (1 — s0)™.
Proof. a) In light of the basic identity
(4.3) zg(t,z) = =2t0,9(t, z), t >0, z € R,

we have

/ / 2yg(1 = s1,0)g(s1 — 52,2 — 1)g(s2, y)dedy
RJR

21— s) / / y0og(1 — 51,2)g(s1 — 52,7 — y)g(s0, y)dady
RJR

2(1=s1) [ [ gl = s1.20uglo1 — 52,0~ gtz y)dady,
by integrating by parts. Thus, applying (4.3) once more, we obtain that

/R / zyg(1 — 51,2)g(s1 — 82, — 4)g(s2, y)dedy

—2(1 - sl)/R/Ryg(l — 51,%)0yg(s1 — s2, 7 — y)g(s2,y)drdy

2(1 - 51)/ / yg(1 — s1,2)g(s1 — 82,2 — y)dyg(s2, y)dady + 2(1 — s1)(4r) /2
R JR

(4.4)

21— 51) [ 0001 = 52,0, 0(60: )y + 201 = s1) ()2

with the help of the reproducing property. On the other hand, an integration by parts gives

Ayg(l—SQ,y)3y9(82,y)dy = —/Rg(l—Sz,y) (s2,y)dy — /y3y9(1—827y)9(827y)dy

_ S
= —(4m)H? - 1—232 Ayg(1—827y)3y9(827y)dy,
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and we get that [, yg(1 — s2,9)9,9(s2,y)dy = —(4m)~Y2(1 — s). Thus Part i) follows from this and (4.4).
b) Applying (4.3) with z =z and t = 1 — s; we find that

Iop(s1,82) = —2(1— 81)/ / 2 1P 0,9(1 — s1,7)g(s1 — 2,2 — y)g(s2,y)dwdy
RJR
= 2-1)(1- 81)/ / 2 2yPg(1 — s1,2)g(s1 — 82,2 — y)g(s2, y)dady
2l —s1) / / =148z — y)g(L - s1,2)g(s1 — 52, — y)g(s2, y)dady,

2(s1 — s2)
by integrating by parts wrt x, so we get
(4.5) (1 —s2)10p(s1,52) =2(a — 1)(1 — 51) (51 — s2)la—28(51,52) + (1 — s1)La—1,p+1(51, S2)-
Doing the same with z = y and ¢ = sy we obtain that
(4.6) s11a,8(s1,82) = 2(8 — 1)(s1 — s2)s2ln g—2(51, 52) + S2lat1,8—1(51, S2)-

Thus, upon successively substituting (a« — 1,5+ 1) and (a — 2, 5) for (a, 8) in (4.6), we find that

(4.7) s1la—1,8+1(51,52) = 2Bs2(s1 — 52)Ia—1,8-1(51, 52) + 5210, 8(51, 52)
and
(4.8) s1lo—2,8(51,52) = 2(8 —1)(51 — 52)La—2,8—2(51, 52) + s2da—1,8-1(51, 52).

Plugging (4.7)-(4.8) in (4.5) we end up getting part ii). Further we obtain part iii) by following the same
lines as in the derivation of part ii), and part iv) is a direct consequence of parts ii) and iii).
c¢) Arguing as in the derivation of part i) in a), we establish for any « > 2 that

In0(s1,82) =2(ac — 1)s1(1 — s51)Ia—2,0(51, 52).

This and the obvious identity Ipo(s1,52) = (47)7'/2 yields part v) upon proceeding by induction on a.
Finally, part vi) follows from part v) upon noticing from (4.2) that Iy o(s1,52) = In0(1 — s2,1 — s1). O

Further, for all @ = (ag)i1<k<n and 8 = (Bk)1<k<n in N, we put

(4.9) (o, B) = / / (/ / WG — s1,2)G(s1 — s, —y)G(SQ,y)dmdy) dsydsa,

and establish the:

Lemma 4.3. For each o = (ax)1<k<n and 8 = (Br)1<k<n 1 N we have:

i) I(0,B) = [ [ TIhey Tawpu (51, 52)ds1dso.
i) f f(ﬂ,a)-

i11) /(a, 6) =0 if any of the sums ay + By for 1 <k <mn, is odd.

Proof. Part i) follows readily from the identity G(s,z) = [[_, 9(s, z&) arising from (2.15) for all s € R* and
all z = (zr)1<k<n € R, and from the very definitions (4.2) and (4.9). Next, part ii) is a direct consequence
of the first assertion of Lemma 4.1, while part iii) follows from the third point of Lemma 4.1. O

5. PrRoOOF OF THEOREM 1.1

We start by establishing two identities which are useful for the proof of Theorem 1.1.
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5.1. Two useful identities. They are collected in the following:

Proposition 5.1. Let V € C§°(Q2) be real-valued and assume that a = I. Then, with reference to the
definitions (3.9)-(3.10), we have

1
1 4r)"/? 2P (V) = ——/ 2
(5.1) (4m) lzzzca w2 (V) 5 QIVV\ dz
and
" 1 2 13 2
(5.2) (4m)"? D7 carPar(V) = 135 3 /Q (O7V) o+ 55> /Q (0keV)” de.
|a2|=4 k =,

Proof. Since

(5.3) Co2 = w, o? = (af,a3),

by (3.8) and (4.9), we know from the two last points in Lemma 4.3 that

(5.4) a2 = 0 if the sum (o), + (a3)y is odd for any k € {1,...,n},
and

(5.5) Car = Cg2 for &% = (a3,a?).

We first compute Z|02‘=4 ¢z P2 (V). In what follows we note (0,...,05,...,0), 1 <k <mn, 8 €R, the vector
k

(Bj)i<j<n € R™ such that 8; =0 for all 1 < j # k <nand 8 = . In view of (5.3) we apply the first point
in Lemma 4.3 for o2 = ((0,... %, ...0),(0,...,0)), 1 <k < n, getting

(5.6)
1 prs1 A7 —(n—1)/2 1 rs1 4r)—n/2
Co2 = / / 1070(51,82)"_1[2)0(81,82)d81d82 — %/ / 12)0(51,82)d81d52 = %,
o Jo 0 Jo
with the aid of part v) in Lemma 4.2. Similarly, for o = ((0, ..., %, ...,0),(0,..., ]%, ..,0)), 1 <k <mn, we

use the first part of Lemma 4.2 and obtain that

1 S1
(57) Cp2 = (471')7(77'71)/2/ / 1171(51752)d81d52 =
o Jo
In light of (5.4)-(5.5) we deduce from (5.6)-(5.7) that
1
D carPo2(V) = l(47r)—”/2/ AVVdx + —(47T)_"/2/ |VV|2da.
Pl 6 Q 12 Q

Taking into account that [, AVVdx = — [, [VV[*dx, we obtain (5.1) from the above line.
We now compute ZI a2|=4 Ca2 P.2(V). As a preamble we first invoke Lemma 4.2 and get simultaneously

(4,”)777,/2
12 ’

(58) .[272(81, 82) = 2(1 — 81)[81_[072(81, 82) + 282]1,1(81, 82)] = 4(471')71/2(1 — 81)82[81(1 — 52) -+ 2(1 — 81)82],

and

(59) 1371(51, 82) = 2(1 — 81)[251I171($1, 52) + 52[270(51, 52)] = 12(47T)71/2(1 — 81)28182,
from part iii), and
(5.10) Lio(s1,82) = 12(4m) /253 (1 — 51)%,

from part v). Thus, for all k € {1,...,n} it follows from the first part of Lemma 4.3 and (5.10) upon taking
a? = ((O,...,%,...,O),(O,...,O)) in (5.3) that

_ (@m) b2 gl R SPRINA
(5.11) Cq2 = T/O /O 14,0(81,82)d81d32 = ﬁo(llﬂ') .
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Further, choosing a? = ((0, ..., Z;), ...,0),(0,..., %, ...,0)) we deduce in the same way from (5.9) that,

A7 —(n—1)/2 1 s1 1
(512) Co2 = %/ / 1371(81752)d51d82 = &(47()_”«/2’

and with o? = ((0,.. 25 ,0),(0,.. 2 ,0)), we get from (5.8) that

—(n—1)/2 /2

(5.13) Cq2 = 2‘2' / / 122 81752 dsldSQ ( ) nie,
Finally, upon taking o? = ((0, ..., 2, ,0), (0 e ...,0)) in (5.3), for 1 < k # £ < n, we derive from the
two last parts of Lemma 4.2 that /

—(n—2)/2 /2
(514) Cq2 = 2'2| / / _[2 0 817 82 Io 2(81, 82)d81d82 72 (471') n ,
while the choice aQ‘—((O,...,%,. 1 ...,%,...,%,.. 0)) leads to
(515) 471' —(n=2)/2 / / Il 1 81, 82 d81d82 5(471_)—71/2’

with the aid of the first part. Putting (5.11)—(5.15) together and recalling (5.4)-(5.5) we end up getting
(5.2). O

Armed with Proposition 5.1 we are now in position to prove Theorem 1.1.

5.2. Completion of the proof. By applying the reproducing property (2.5) to the kernel G, defined in
(2.15), we derive from (3.8) for all j > 1 that

(4m)—"/?

1 S1 Sj—1 J . .
(5.16)  cCpi—g = / / / / G(1—s1,wq) H G(sg — Spt1, Wk — Wrt1)dw! ds’ = —
( n)n 0 0 0 kel ]'

where 5411 = wj1 = 0. In light of (3.10), (5.16) then yields that

(5.17) Po(V) = —Car—qPai—o(V) = —(4m)™/? /Q Vdz.

Next, bearing in mind that the potential V is compactly supported in Q, we notice from (3.9) that
(5.18) / 0% V(z)dzx =0, |a'| > 1.

As a consequence we have

(5.19) Pa(V) = Cazm0Par=0(V) = Y carPar(V) = M /Q V(x)2da.

lat|=2

Further, as Pg = —caszoPaszo(V)—i-Zlaz‘:z Ca2 Pz (V) _E|a1|:4 cq1 Py (V), it follows from (5.1) and (5.16)
that

(5.20) PG(V):—W< /|vv )| dx+/ (x)de>.

Finally, since [, 97,V (2)V (z)*dz = =2 [, 0V (2)0,,V (2)V (2)dz for all natural numbers 1 < k,m < n, by
integrating by parts, we see that there is a constant C,, depending only on n such that we have

S o Pas(V) gcnuvuoo/ VV (2)|2de,
Q

l?]=2
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according to (3.9). This, together with the identity

Ps(V) = caicoPasmo(V) = D casPas(V)+ Y ca2Par(V) = Y carPur(V),

|ad|=2 |a?|=4 |at|=6

arising from (3.10), and (5.2), (5.16), (5.18), then yield
g (3.10), (5.2), (5.16), (5.18), y

(5.21) 3 /Q|8'YV(m)|2dx+/QV(x)4dx§C; (PS(V)|+||V||OO/Q|VV(:5)|2dx.),

lv|=2

for some constant C, > 0 depending only on n. In light of (5.20)-(5.21) the set Is(Vp) N B is thus bounded
in H%(Q) from Corollary 3.1.
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