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The fibers of the elliptic Maxwell operator M in an infinite cylindrical wave guide are
not of type (B) in Kato’s sense. In spite of this phenomenon, which apparently does not
appear with the other operators of mathematical physics, we prove that the dispersion
curves (An)p>1 of M are real analytic functions. Nevertheless, it is not yet known if
they are monotone. Therefore, we define the thresholds of M as the stationary points
of p = An(p), for any n > 1. This approach generalizes the common definition of the
thresholds used in acoustics. Next, the asymptotic behavior of the dispersion curves with
respect to parameters p and n allow us to deduce a limiting absorption principle for M,
which remains valid at the thresholds.

1. Introduction

In Refs. 13 and 14, we study the spectral problems of electromagnetic wave propa-
gation in a three-dimensional layered medium. In this paper, we examine the more
general situation described in Ref. 16, of an infinite cylindrical wave guide, whose
cross-section is bounded.

More precisely, Q7 is a bounded, connected and simply connected open subset
of R? with a Lipschitz-continuous boundary I'r. The infinite cylinder I' = 'y x R
represents a perfectly conducting wave guide, and the dielectric permittivity € to-
gether with the magnetic permeability p of the continuous isotropic propagation
medium Q = Q7 x R, are real measurable and strictly positive functions that de-
pend only on the cross variables xp = (z1,22) € Qp. Next, nr denoting the unit
outward normal to I" and « = (z7, z3) being the usual point of 2, the electric field u
propagating in the medium {2 satisfies, according to the Maxwell equations detailed
in Ref. 4,
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OZu(z,t) + Mu(z,t) =0, (z,t) € QA x RY,
div(eu)(z,t) =0, (z,t) € Q x R% |
u(o,t) Anp(o) =0, (o,t) €' x RY,

where Mu = e~ curl(p~! curl ). In the following, we assume in addition that
et and pt! belong to L>(Qr). Note that under these assumptions, M does not
reduce to the three-dimensional Laplace operator.

The differential second-order operator M has an elliptic self-adjoint realization
M in the Hilbertian space

H. = {u € L*(Q)3, div(eu) = 0}

endowed with the L?(Q; e dzt dx3)? scalar product. This operator is called second-
order Maxwell operator or elliptic Maxwell operator. It is defined by

D(M) ={u € H(cur; Q) N He, vru =0, p~*curl u € H(curl; 2)}
Yu e D(M), Mu= Mu,

where H (curl; Q) denotes the space {u € L?(Q2)3, curl u € L*(Q)3} equipped with
the norm ||l curl.o) = (lullZ2(qys + lleurl u||%2(m3)1/2, and 7, is the unique
continuous linear mapping from H (curl; Q) into H~'/2(T")? such that v,u = u Anr
for any u € C§°(Q)3. In fact, the self-adjointness of M arises from the following

“Green-formula”, which is valid for u in H(curl; Q) and v in H*(Q)3,
(curl w,v)2(0)s = (u, curl v)r2(@)s + (Vru, Y00) gr-1/2(rys gr1/2(rys (1.1)

where o denotes the classical trace function from H'(Q)? onto H'/?(T)3.

Thus, the spectrum of M, o(M), is a real set, and the resolvent operator
2z Ry(z) = (M — 2z)~1 is also an analytic function from C\R into B(H.). But,
it is well known that lim, ., ||Ra(2)|p(r.) = +oo when 7 belongs to o(M). We
will prove in Theorems 3.1 and 3.2 that z — Rps(z) can be extended (in a suit-
able weighted L2-topology) to the lower or upper half plane C* in a locally Holder
continuous function, R]\i/[. This continuous extension is called “limiting absorption
principle”. The local Holder continuity of the extended resolvent operator allows
the study of the time-asymptotic behavior of operator ¢ — e*™ 2t More precisely,
this property is very useful for showing in the same way as in Ref. 9 for the acoustic
propagator, that the solution w of the Cauchy problem

Ou(z,t) + Mu(z,t) = e V9 f(z), weR:,

for a convenient data function f, with zero initial conditions u(x,0) = d;u(z,0) = 0,
behaves like

u(z,t) = eiit\/‘;Rl\i/I(w)f(x) +0(1)
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as t goes to £oo. Then, as it is explained in Ref. 12, the knowledge of this behavior
allows us to prove the existence and completeness of the generalized wave operator,
which is fundamental for the scattering theory.

The proof of the limiting absorption principle for M is given in Sec. 3. It requires
an adapted spectral representation of M that will be built preliminarily in Sec. 2.

Similar spectral problems for acoustic operators have already been studied by
several authors in Ref. 1 or 3. Under suitable assumptions on the behavior of sound
speed, it is proved that the dispersion curves are strictly monotone on R% , so they
can deduce a limiting absorption principle for the acoustic propagator. In fact,
this very particular behavior is not essential for the proof of a limiting absorp-
tion principle. Indeed, by only using the analyticity together with the following
asymptotic properties

Yn>1 lim A(p)=+oc0 and lim (inf )\n(p)> =+o00,

|p|—+o00 n—oo \ pER

of the dispersion curves (A,)n,>1 of M, we prove in the following that Rj; can be
extended in a locally Holder continuous function on the real axis. Note that the
stationary points of each dispersion curve above may eventually be a discrete set
of R. Furthermore, contrary to the acoustic or elastic case, the analytic properties
of (An)n>1 do not arise directly from Kato’s theory detailed in Ref. 8 because the
holomorphic family associated to the fibers of M is neither of type (A) nor of
type (B). Besides, it seems that this phenomenon also does not appear with the
other classical operators of mathematical physics. Therefore, the proof in Sec. 2.3
of the analytic properties of any p — A, (p), for n > 1, requires a preliminary study
in Sec. 2.2 of the behavior of these dispersion curves in a neighborhood of 0.

2. Spectral Analysis of M

The spectral analysis of M is essentially based on the use of the partial Fourier
transform with respect to the infinite direction z3. Indeed, as € depends only on

the cross variable x7 € Q7, the mapping
X

Fay s u d(zr,p) = (2m)71/2 Xlirilm u(zr, z3)e” P des,
-X

defines a unitary transform from L?(Q;e dxr dxs)® onto L?(Q; e dxr dp)3.

2.1. Definition of the reduced operators of M

Set curlr ur = Oy ue2 — Oy,uy for any ur = (u1,us) and let np, = (n1,n2) be
the unit outward normal to I'r. Then, according to Ref. 5, the mapping yXur =
UM — Usn1, which is defined on C’O‘X’(QT)2, extends uniquely in a continuous linear
application vZ from H(curlr; Q7) = {v € L*(Qr)?, curlrv € L*(Qr)} endowed
with its usual topology, onto H~'/?(TI'r). Next, for any v € H(curl;Q), a simple
computation gives

Foy(curl w)(zr,p) = curl, 4(xr,p) a.e. (zr,p) € Q,
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with curl, u = (g, us + ipuz, —ipus — 9, us, curly ur). For each real p, we deduce
from (1.1) that

(curlp u, ’U)L2(QT)3 — (’U,, curlp v)LQ(QT)?’
T T T T
= — (v ur, % v3>H*1/2(FT),H1/2(FT) + (70 u3s s UT>H1/2(1"T),H*1/2(1"T) » (2:2)

for any w and v in H(curly; Qr) x HY(Qr), where 7{ is the trace function from
H(Qr) onto HY?(T'r). Thus, for any u € H(curl;Q), the “Green formula” (2.2)
warrants:

(vru=0) & (v ar(-,p) =0 and g as(-,p) =0 ae peR).
This leads to define the “reduced operators” of M, called M, p € R, as

D(M,) = {u € Wy, p~curl, u € H(curly; Qr) x H (Q7)}
V u e D(Mpy), Mpu= e~ curl,(u! curl,u),

where H. , denotes the space {u € L*(Qr)3, 9y, (cu1) + 9y, (cuz) — ipeus = 0} en-

dowed with the L2 (Qr; e dz7)? scalar product, and W, = H. ,N(kervI x H} (Q7)).

Thus, operator M is unitarily equivalent to the direct integral along R whose fibers
are M:

52

M=F:, ( M, dp> Fas - (2.3)

peER

Now, fix p in R. The Green formula (2.2) shows that M, is a symmetric operator,
and, for any u € D(M,), we have in addition

(Myu, ), , = ™2 curly ullF gy > chnllcnrly ully, (2.4
Next, a simple computation gives

1/2 VTU3||%2(QT)2 + ||51/2 CIH‘IT UT”%Q(QT)

leurl, ul|Z, , = e
— 2pIm((cur, Vrus)r2(ar)2) + P°lle? url| 2@z, (2.5)

with Vrus = (0p,us,0z,u3). But, as u € H.,, we have (eur,Vrus)r2(o.)2 =

—iplle'/? U3||%2(QT), so we finally get

(Myw, )., > Ead?lulll,, with = inf (n) (or).
’ T €EQT

This inequality shows that

M,, is bounded from below by c2. p? for any p € R. (2.6)
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2.2. Dispersion curves of M

C. Weber proved in Ref. 17 that the imbedding W, — H. , is compact for any
p € R. Thus, M,, p € R, is a self-adjoint operator with compact resolvent in H .
Its spectrum, o(M,), is also discrete and we have

G(MP) = {An(p)a n > 1}5 (27)

with Ap(p) < Apt1(p) for any n € N*. According to (2.6), the dispersion curves
(An)n>1 satisfy in addition:

Vn>1,VpeR, Ay(p) > ;. p0° (2.8)

minP -
Moreover, these curves cannot reach 0 because
A1(0) > 0. (2.9)

Indeed, assume for the moment that A;(0) = 0. Then, according to (2.5), any
eigenvector ¢ = (pr,¢3) of My associated to A;(0) satisfies Vrps = 0 and
curly o7 = 0 in the same time. Furthermore, o3 belongs to H{(27), so p3 = 0.
Next, as o1 € keryZ, it derives from the Poincaré lemma detailed in Ref. 7, that
o1 =V f for some f € Hj(Qr). But ¢ is in Wy, so @7 belongs to the space H, 1
defined by

Hs,T = {UT = (ul, UQ) € LQ(QT)2, diVT(SUT) = c‘)xl (sul) + c‘)xz (SUQ) = 0}

Therefore, the following Weyl-Hodge orthogonal decomposition given in Refs. 10
and 15,

L*(Qr;edxr)? = Hor © Vo HY(Q7) (2.10)

asserts that ¢ = 0. This finally shows that A;(0) > 0.
Now, using (2.9), we will prove the following essential property for the proof of
a limiting absorption principle for M.

Lemma 2.1. The dispersion curves cannot be arbitrarily near 0 :

inf An(p) > 0.
(n,p)lélN* xR (p)

Proof. Fix p in R and u = (up,us) in D(M,). Then, the decomposition (2.10)
assigns ur = vy + Vrf with vr € H.r and f € H} (7). As uw € H., and
vy € H, 7, we also have

1/2(

(divy (e(ur —vr)) s flrzr) = —lle(ur — vr) 7202 = ip(eus, f)r2(ar) -

Next, using the Cauchy—Schwarz and Poincaré inequalities, we get

12 (ur — vr) 72002 < Clpllle*usll L2@r) 1€V £l L2(0200)2
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where C' is a constant depends only on 7. This immediately gives

1/2

e 2(ur — v1)l| L2002 < Clpllle"?us| L2y - (2.11)

(Mow,w)H, o
2
Tl

Thus, as vy is in ker 7? N H r, the vector v = (vr,0) belongs to Wy, so we get

Now, recall that the MaxMin principle warrants A;(0) = inf,ewy,w-0

(MOUaU)HS,O o ||/L_1/2CUFIT UT“%z(QT)
D) - D) Z Al (O)a
oz, , lor Iz, .
when vy # 0. Therefore, by setting ¢, = supy,.cq,(En) (zr) and r =

e A1(0)/2) it finally appears that

max

€12 curly vr | 2(ap) > rllet? vl L2 »
with, according to (2.9), r > 0. As curlpur = curlyvp, we also derive from
(2.11) that
"2 curly ur || L2y > r(lle"? url| L2 — Clollle"? uslL2(or)) -

1/2 1/2

Thus, we have ||¢'/? curly uT”%Z(QT) > r2(|le uT”%Z(QT)? — C|pl||e'/? u||i2(QT)3)
for a sufficiently small p, and we deduce from (2.4) and (2.5) that

(Mpu,u)q, , > 2

— “min

(K2 =2 ClpDle ul G2,y (2.12)

for some strictly positive constant K. At last, Lemma 2.1 follows immediately from
(2.8) and (2.12). O

2.3. Analyticity of the dispersion curves

The equalities (2.3) and (2.7) involve that M is unitarily equivalent to the multipli-
cation operator by (A,)n>1 in a convenient space. Using the MaxMin principle, we
show in Ref. 15 that any function p — A,(p), n > 1, is odd, continuous on R and
a.e. differentiable on R*. However, the proof of this result requires so many worry-
ing computations that we prefer to ignore them in this paper, although Lemma 2.1
is slightly more complicated to justify without any assumption of continuity of the
dispersion curves. Moreover, in view of proving a limiting absorption principle for
M, we need “analytic properties” and not only continuity for p — A, (p), n > 1.
Thus, we will show that (A,),>1 can be rearranged in a family of analytic func-
tions. To make this, we first generalize the definition of M), to complex parameter
p. In this case, the Green formula (2.2) becomes

(curly u,v) 2.3 — (u, curl; v) p2 ()3
_ /T T T T
= (0 1270 98) 27200, 120y~ (0 U807 T sy a2y 0 (213)
and the sesquilinear form associated to M, is also

myp(u,v) = (p~ ! curl, u, curl, V)L2(Qg)3 -
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Its domain is D(m,) = W, and, for any u € D(m,), we get in the same way as
with (2.5),

—-1/2

mp(u,u) = [|p vT”B”i?(QT)Z + [|u™/? curly UT||%2(QT)

_ 2pIm(('ufluT, VTUS)LZ(QT)2) +p2||’u71/2 uTH%Z(QT)Q . (2.14)

Thus, for any fixed v € D(myp), p — my(u,u) is holomorphic. But, D(m,;) is a
subset of H. p, so it depends on p. Therefore, the holomorphic family {M,,p € C}
is not of type (B) in Kato’s sense defined in VIL.4.4 of Ref. 8, and we cannot
conclude directly that the dispersion curves of M are real analytic functions as in
acoustics (see Ref. 3) or in elasticity (see Ref. 2). However, we will prove with the
next proposition that this result remains valid all the same.

Proposition 2.1. There are two analytic families with respect to p € R,
{An(p),n € N*} and {¢n(p),n € N*}, such that, for any real p:

(i) o(Mp) = {An(p), n € N*} and ¢,(p), n € N*, is an eigenfunction of M,
associated to the eigenvalue A\, (p),
(ii) {@n(p), n € N*} is an orthonormal basis of He .

Proof. Let A denote the operator M & 0 associated to the Weyl-Hodge or-

thogonal decomposition L?*(Q;edrrdrs)® = H. & VH}(Q) of Ref. 10. The

operator A is self-adjoint in L?(Q;edzrdrs)®, and we immediately have
* 52 .

A=F3 ([ e Ap dp)Fz,, with

D(A,) = {u € keryL x H}(Qr), p~tcurl,u € H(curly; Qr) x HY(Qr)}
V ue D(Ap), Apu=ce"tcurly,(u=! curl, u),

for any p € R. This definition can be easily generalized to complex parameters p.
According to (2.13), the sesquilinear form associated to A, is defined by a,(u,v) =
(p~* curly u, curly v) 12(0,) for any w and v in D(ap) = kervy? x H§(Qr). It is
continuous on D(a,)?, and we have:

Vu € D(ap), Re(ap(u,u)) = [|n™"/? curlge(p) w22 —Im(p)? [ ™2 ur||72(p2 -

It follows that the real part of a, is (keryl x Hg(Qr))-coercitive with respect to
L?(Qp;edrr)? and a,, is also a closed sectorial sesquilinear form. Next, as we have
already remarked for my,, p — ap(u,u) is holomorphic for any fixed u € D(ap).
Moreover, D(a,) does not depend on p anymore, so

{ap,p € C} is a holomorphic family of type (a) in Kato’s sense. (2.15)
Now, using the Green formula (2.13), we get (ap)* = ap, and it derives from
(2.15) that

A,,p € C} is a holomorphic family of self-adjoint operators of type (B). (2.16
P
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Next, for any real p, the orthogonal decomposition (2.10) together with the Poincaré
lemma lead to ker A, = V,H}(Qr) = {(9s,90, 02,0, —ipp), ¢ € Hg(Qr)}. The
continuous spectrum of A, is also {0} and the discrete spectrum, o4(A,), is equal to
o(M,). Finally, Lemma 2.1 warrants that 04(A,) does not vanish in the continuous
spectrum. So, according to (2.16), the final result can be derived (see Ref. 15) from
Remark 4.22 and Theorem 3.9 of Ref. 8 about holomorphic family of self-adjoint
operators with compact resolvent. O

2.4. Asymptotic properties of (An)n>1
For any n > 1 and p € R, we have A\, (p) > A1(p), thus, it arises from (2.8) that
Vn>1, lim A,(p)=+o0. (2.17)
[p|—o0

Moreover, by writing a,(¢n(p)) instead of ap(¢n(p), ¥n(p)), the property (2.16)
together with the problem VIL.4.19 of Ref. 8 warrant that A}, (p) = a,(x(p)). Also,
it follows from (2.14) that

X, (p) = 2[plln™ " *(0n)r(P)|13 2 (00 y2

—Im((u™ (pn) 7 (P), V()3 (P)) L2(07)2)] - (2.18)
Now, the expression of a, (¢, (p)) simply gives

« [ An ! _ _
VpeR,(—fﬂ)=wu1ﬂwaT@mmmﬂz—p2mm,

with g(p) = [|[u™? curlr (¢n) T (D) 7207y + 172V (00)3(P)l|72 (g2 Next, the
Poincaré lemma warrants that g(p) > 0 for any p # 0, so we finally have:
M)\
VpeR*, (%) <. (2.19)

As we will now see with Proposition 2.2, this inequality is very useful to describe
the behavior of the family (A,),>1 on any compact subset of R.

Proposition 2.2. The dispersion curves are uniformly converging to infinity as n

goes to infinity:

i (108001 ) = .
Proof. Let n > 1. For any p € R, we deduce from (2.18) that

XL @) < @Il + D)2 (0n) 7 @) 122 @2 + 1172 V(en)s ()l 72(0p2 - (2:20)

But ay(on(p)) = (Apen(p), on(p))r2(Qr)® = An(p), and it can be derived from
(2.14) that

(V2 (en)3(p) + ip(on)r(P))|7 2002

= [lu™Y2 curly 9n (p) 1 22(00ys — lleurlr(n) (P 2202 -
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Thus, as ap(pn(p)) = |pn=1/2

™2 (V1 (2n)3(p) + ip(@n) T (D)) |72 (2002 = An(P) = llcurlr (o) (P) 122y
(2.21)

Curlp Pn (p) ||i2(QT)3’ we obtain

for any p € R.

Next, = 1/2(Vr(en)s(p) + ip(en)r®)l220)2 + Pl (0n) (@)l L2(20)2
is greater than |u='/2V1(pn)3(p)llr2(0r)2, and it also follows from (2.20) and

(2.21) that:
ViteR, [N (1) < chax(l+ 20t +26%) + 200 (1) - (2.22)

Assume now that p > 0, the case p < 0 being treated in the same way. For any
q € [0,p], we have [An(q) — An(0)] <[5 [An(t)'] dt, so the integration of (2.22) along
[0, ¢] gives

A(@) = An(0)] < (1 a3 ) £ 2,00 +2 [ (0 - 20 (229

By setting f(q) = 24 [/ |An(t) — An(0)| dt, this inequality becomes:

2
Vqel0,p], f(q) < chaxge™™ (1 +q+ §q2) + 2Xn(0)ge 9. (2.24)

Now, by integrating (2.24) along [0, p], we get

p 9 p
/ [An(g (0)|dg < e (cfnax/ ge 24 (1 +q+ §q2> dq + 2)\n(0)/ qezqdq) ,
0 0

and, if we replace f(f [Ar(q)—An(0)] dg by its upper bound in (2.23), we finally obtain

[An(p) — An(0)]
/Ope2ltl <|t| 2 §|t|3> dt‘}

P
+2X,(0) <|p|+2e2lp|/ te2It dt) . (2.25)
0

2
< Fx {Ipl +0% + Il + 257

To prove Proposition 2.2 now, assume for the moment that a real sequence
(Pn)n>1 satisfying

Vn>1, \i(pn) <M, (2.26)

can be found. In this case, (pp)n>1 converges to 0. Indeed, we could otherwise find
n > 0 and a subsequence (pn, )r>1 Of (Pn)n>1, such that |p,, | > n for any k£ > 1.
Then, by setting P = c_i, M'/? it would also follow from (2.8) that

min

VE>1, n<|pn|<P. (2.27)
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Instead of considering a subsequence of (pn, )r>1, we may assume that the py,,
k > 1, are all positive or negative numbers. If p,, > 0, for example, we have
0 < pp, < P for any k > 1, and (2.19) implies

/\nk (P) — c?naLxP2 < /\nk (pnk) B Cr2naxp72’bk

P Pny,
Thus, we derive immediately from (2.26) and (2.27):
An, (P) — 2, P?
vk>1, 2m(P) Pcma" <Mnp 42, P (2.28)
But, this inequality is not possible because limy_, oo An, (P) = 4o00. The same

method applies to a negative p,,. We have also proved that

lim p, =0. (2.29)

n—oo

Thus, for any n € N*| we derive from (2.25) that

An(Pn) 1
An(0)
c2 2 Pn 2
< max " 2 Zlpn 349 2|pn| / —2[t| t 2 2113 dt
< 2 Il 22+ 3ol 2620 | [ e (042 2
Pn
+2 <|pn|+2e2pn/ t62|tdt> . (2.30)
0

Next, as lim, o An(0) = +oo, the inequality (2.26) involves lim,_, o |%€0")) —
1] = 1. But (2.29) proves that the second term of (2.30) tends to 0 as n goes
to infinity. This contradiction shows that assumption (2.26) is wrong. Therefore,

Proposition 2.2 follows. O

2.5. Spectral representation and thresholds of M

For any (n,p) € N* x R, the function ¢,(p) : (zr,z3) — (27)" /20, (xr)eP?s
defined on €, is a generalized eigenfunction of M. Indeed, ¢,(p) belongs to
D(M)ioc = {u, (z7,z3) — Y(x3)u(zr,z3) € D(M), ¥ € C§°(R)}, and it satisfies
in addition

Moreover, for every f belonging to H.,

X / 5(517T)(f(:17T7 1:3)7 (¢n(p))($T, 1'3))(:3 d!ET dl‘S
{(z7,23)€Q, |z3|<X}

has a limit f,,(p) in L?(R) as X tends to infinity, and it can be derived from (2.3)
that U : f + (fn)n>1 is a unitary transform from H, onto &,,>1L%(R) (see Ref. 15).
The set {¢n(p), (n,p) € N* xR} is also a complete family in H,. At last, U reduces
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the operator M, because UMU* is the multiplication operator L in Y = &,,>1L?*(R)
by the family (A, (p))p>1:

{D(L) = {(fn)nZl €y, (Anfn)n21 S Y}
Vf= (fn)nZl ey, Lf= (Anfn)n21 .

In particular, we deduce from Ref. 2:

Proposition 2.3. The spectrum of M 1is absolutely continuous and

o(M)={Au(p), PER, n21}.

Furthermore, the spectral theory yields as in Ref. 5 that Rys(z) = U R (2)U
for any z € C*. Thus, we have

V2eCH VY (f,9) € HZ, (Ru(2)f,9)m. = Y ra(2), (2.31)

n>1

where 7, (2) = [ )\f?p()@zdp with 2, (p) = fu(P)gn(p), n > 1, p € R.

Recalling (2.18), we remark that the sign of X/, (p), n > 1, is not easily predictable

for any p € R. Indeed, contrary to the acoustic operator (see Ref. 1), it is not yet
known if the dispersion curves of M are monotone on R* . But, Proposition 2.1 and
(2.17) warrant that every A/, n > 1, is a non-uniformly vanishing analytic function
on R. Hence, the set P,, = {p € R, A (p) = 0} is discrete for any n > 1 and it is also
at most countable. Call N, the cardinal of P,,NRy and set J,;F = {j € N, j < N, }.
There is a strictly increasing function j — pj such that P, NR4 = {p;?, jeJr}
When N, is finite, we set py+ = +oo and JI = JF U{N, }. Otherwise, J;
denotes simply J,/. In the same way, we define N, as the cardinal of P,, "R* and
J, as the set {j € Z*, j > —N, }. Again, there is a strictly increasing function
J + pj such that P, NRL = {p?,j € J, }. Next, we set P_n-_1 = —o0 and
J, ={-N, —1}UJ, when N, is finite, and J, = J,, otherwise. Recalling all
these notations, the set P, is equal to {p?, j € Jyp} with J, = J, U JT, and we
have p? < p?,, for any (j,j +1) € J2.

Each real number A} = A, (p}), j € Jn, n > 1, is a “threshold” of M, and
the set of all the thresholds, {\}, n > 1, j € J,}, is denoted by 7. In fact, this
approach generalizes the usual definition of the thresholds of the acoustic operator
used in Ref. 3. Every p?', n > 1 and j € J,, is also a zero of p — A\, (p) — A} with
multiplicity N7 > 2. Furthermore, for any n > 1 and j € J,, = {-N, —1} U Jy,
An is an analytic diffecomorphism from |p,p%, ;[ onto I = A, (]p7,p},4[). In the
following, its inverse function is denoted by 7'

3. Limiting Absorption Principle for the Maxwell Operator
3.1. Description of the method
For any real s, the space H; defined by
H? = H. N {u is measurable, (z7,z3) — (1 + 22)*?u(zr,x3) € L?(Q)%}
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is Hilbertian for the scalar product of L(Q; e(1+23)® dzg dxs)3. When s > 0, the
imbeddings H* < H. < H? are continuous, so z — R, (z) = Rps(2) can be seen
as an analytic function from C* into B (HZ,H:*). For any compact subset K of
C, we will prove in the following that this resolvent function Rz\i/[ can be extended
continuously to K N CE.

The method consists of finding two real positive numbers § and Cjs, both in-
dependent of the functions f and g in H} for some convenient s > 0, which verify

(B () f, 9)m. — (B ()], 9)m.| < Coal| fll e gl oz

for any z and 2’ in K N C*. Next, as H-* C (H?)' and (U, 0) sy s = (W, V),
for any w € H;® and v € HZ, it follows readily from (3.32):

¥ (z2) € (KNCH)?, Ry (2)f — Ry (2)fll g+ < Cor | f

z—2° (3.32)

z—2'°.

At last, K being a closed set, the general extension theorem of uniformly continuous
functions finally involves

V(2.7) € (K0 T, |RE() — B pre ey <l — 2, (3.33)

and Rl\i/l is also continuous on K N CE. Let us see now that (3.32) can actually be
satisfied by convenient functions f and g in H;.

3.2. Singular Cauchy integrals

Recalling (2.31), any function r,, n > 1, also has to be extended continuously
to K N C*, K being a compact subset of C. But, for any n € Ng = {n >
1, A Y (K NR) # 0}, the corresponding Cauchy integral z — fR /\:E‘p()plzdp may be
“singular” on K NR.

However, this is not the case when n belongs to N*\Ng. Indeed, as (p, z) —
|Ar () — 2| is continuous on the compact set (K NR) x K, we have inf{|\,(p)—z|, p €
R,z € K} > 0. Moreover, according to (2.17), A\;*(K NR) is bounded, thus we
deduce from Proposition 2.2:

d= inf {JA(p)—2|, peR,z€ K} >0. (3.34)
neN*\Ng

Next, taking f and g in H? for some s > 1/2, it is proved in Ref. 3 that
Vn>1, VpeR, k(@) < Al fllu:llglln: (3.35)

where the constant A depends neither on f nor g. Hence, the Parseval equality
combined with (3.34) and (3.35) proves that >
function on K N C*, because we have

V (2,2') € (KNC*)?,

Al fll gl 7
Z ra(2') — Z rn(2) §$|z'72|.

neN*\Nx neN*\Ng

neN=\Ny Tn is a Lipschitz continuous

(3.36)
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Let study now the case n € Ng. For any z € K N Ci the complex number
7n(2) decomposes simply in } . 7~ rl (), with 7 (2 fp’“ X, (p) dp This leads
to introduce the set JX = {j € J,, KN I]" 7é (Z)} because we know that
inf{|A\u(p) — 2|, p € P}, P}, 2 € K} > 0 for any j in Jo\JK. Indeed, this
inequality, which is obvious when [p’, p7, ] is bounded, follows directly from (2.17)
when p} = —oo or pj;; = +oo. Furthermore, for any fixed X > 0, the set {j €
T [p}| < X} is at most a finite, and A, '(K NR) is bounded, so we get

dn = nf{|A(p) = 2, 5 € TNIY, p€lpf,pil, 2€ K} >0.
Hence, (3.35) and the Parseval equality involve in the same way as with (3.36):
Y (2,2') € (KNC*)?,

(3.37)

4 : Allfll gl s
Z r(z') — Z ! (2) S—2 =|2' — 2.

JE Tu\JE JE€ Tn\JK
Next, taking account of (2.17) and Proposition 2.2, we remark that Nx and JX,
for n in Ng, are both at most finite sets. Therefore, it is sufficient to examine
z + i (2) for some fixed n in N and j € JX. In this case, by setting A = \,(p)
in the expression of rJ (z), for z € K N C, we obtain:

. ")\ hy 0 €M) (A
rfl(z)/nli_(z)dk with H”(A)%.

In view of extending z — 74 (2) to K NR, we will refer to the following corollary of
the Korn—Privaloff theorem (see Ref. 6 or 11):

(3.38)

Lemma 3.1. Let § € [0,1], (a,b) € R? with a < b, and h be a §-Hélder continuous
function on the compact set [a,b] :

3 A >0, ¥V (\X) € [a,0, [B(N) = h(N)] < Ap|X = A]°.

Assume that h(a) = h(b) = 0 and set Hh*(z) = ’ i(_’\z) dX for any z € C*. Then,

for every T € [a, b], the following limits exist

: _ " h(A) :
lim  Hh*(z) =po. (/a - d)\> +imh(7),

z—7,£Im(z)>0

and Hh* is locally §-Hélder continuous on VE = {z € CE, a < Re(z) < b}. Indeed,
there is a continuous function ¢ on (V)2 that does not dependent on h, such that

Y (2,2) € (VE)?, [HAE () — HAE (2)] < Ape(z,2')]2) — 2|° .
Recalling (3.38), z +— rJ (z) can be extended continuously to the real axis with

Lemma 3.1, when H}' is a Hélder continuous function. This condition can be filled
by choosing f and g in convenient HZ-spaces. Indeed, when s > 1/2, it is proved in
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Ref. 3 that h,, is locally Holder continuous: For any ¢ € [0, 1] such that § < s —1/2,
there is a continuous function A, on RZ?, independent of f or g, such that,

Y (p,0') €R?, |h(p') — ha(P)| < An (0, 2)I| Fll 22z |9l 10’ — 21 (3.39)

But, as A}, o &} vanishes on K N7, we will first examine the case of a compact set

K of C\T (limiting absorption principle outside the thresholds). Next, a limiting
absorption principle for M in a neighborhood of the thresholds (limiting absorption
principle at the thresholds) will be deduced.

3.3. Limiting absorption principle outside the thresholds

As mentioned earlier, we assume now that K is a compact set of C\ T, the functions
f and g being in HZ for some s > 1/2. In the following, § denotes a real number in
[0,1] such that § < s — 1/2, and we recall that (n,j) belongs to Ng x JX.

Now, as K is a compact set of C\ 7, we can find some 1 > 0 such that A=} (K N
R)N|p}, p}y1[ is included in |p? + 3n,p},; — 3n[. Next, consider By € C§°(]p} +
0, P41 — n[) such that Bo(p) = 1 for any p € [p} + 2n,p}; — 27|, and set G1(p) =

1 — Bo(p) for every p € R, By being 0 outside |p} + TI,P]H n[. Then, for every
z € KNC*, r)(z) decomposes in r3:0(2) + 71 (2) with 7 ( fp’“ Bkip()h = (2) gy,
ke {0,1}.

Also, by setting A = An(p) in r74(2), we get r5°(z) = fI" (A) d\, where
Y7 = Hj' X (Bo © f;l) In fact, in the previous expression of ri0 I can be

considered as a bounded set. Indeed, for any z € K N C*, the complex num-
ber r:%(2) is not modified by eventually replacing p} by inf(supp(fo)) — n if
p} = —oo, and pj,; by sup(supp(fo)) + n if p},; = +oo. Moreover, supp(fo)
is a compact subset of |p, p7, ;[ and the derivative A;, does not vanish on supp(fo),
hence p — ©o(p)|\,(p)|~! is a Lipschitz continuous function on supp(fy). Next,
I = \,(supp(Bo)) being a compact subset of I7, ¢} is Lipschitz continuous on I
Finally, it follows from (3.39) that Y7 is a o- Holder continuous function on I. Fi-
nally ¢ vanishes at E \1 75 so, according to Lemma 3.1, a constant ¢/, independent
of f and g, can be found, such that

¥ (z2) € (KNCH)?, r0(") = ri(2)] < el fllme

gluslz—2'1°.  (3.40)
Next, A, is a strictly monotone function on |pf,p? [ and inf{|p —¢|, p €
supp(01), ¢ € \, ' (K NR) N p%, plt, ([} > 1, so we have
inf{|A\.(p) — 2|, p € supp(B1), z € KN 17} >0.
Therefore, 7! is Lipschitz continuous on K NC*. Moreover, (z,2") + |2/ — 2|} 7% is

continuous on the compact set K2, so, according to (3.40), we can find a constant
CJ depending neither on f nor g, which satisfies

Y (z,2) € (KNCE), |r(2) = r(2)] < Col| £l

glmlz— 7. (3.41)
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Thus, for any z and 2’ in K NC*, we deduce from (3.36), (3.37) and (3.41), that
(R () f, 9)m: — (Rap(2)f, 9) | < Onal|fll

where C)y is independent of f and g. As seen in Sec. 3.1, we finally have:

z—2'°, (3.42)

9||Hs

Theorem 3.1. Let K be a compact subset of C\T. Then, z — Ri () extends
continuously to K N CE in a Hélder continuous function. Indeed, for any § € [0,1]
satisfying § < s —1/2, a constant Cpy = Cp(s,0, K) can be found, such that

|R%, (2)) — RE(Z)HB(H?HJS) <Cul|d —2|°, V2,2 e Kn CE.

Moreover, for every 7 € R\T, {7} is a compact subset of C\ 7. Thus, under the
assumptions of Theorem 3.1 and Lemma 3.1, we have:

lim (Ry(2)f,9)n.

z—7,£Im(z)>0

- e (i)t Y w

nzl a€x ({7}

3.4. Limiting absorption principle at the thresholds

Let 7 € T and K be a compact subset of (C\7) U {7}. As we already remarked
in Sec. 3.1, it remains to find convenient functions f and g such that any rJ,
n € Ng and j € JE | is a Hélder continuous function on K N C*. But, recalling
(3.38), the denominator of H}' vanishes on K (at A = A}) when j belongs to
J (1) = {m € JK A = 7}. To make the analysis of this problem easier, we first
start by decomposing Zjlef .

3.4.1. An adapted partition of JE

Note that the set J/ (7) may be empty, but Uneny J,,(7) # 0 because 7 belongs to
T. Furthermore, pJ, € %1, p}[, so j £ 1is not in J;,(7) when j belongs to J;, (7).
Recalling the strict monotonity of A, on |p?,;,p}[, we also have A\,(p}.,) # T.
Hence, j &1 does not belong to J! (), and the sets J!.(K) = {j € JX, 7 ¢ IT\I]"}
and Upe jr (-1 — 1,7} also define a partition of JE . Thus, for any z € K NC*, we
can write:

Yo = >, e +r@)+ D ). (3.43)
jeJK JeJi(T) je i (K)
Now, for any j € J! (K), there is some 1 > 0 such that
AHK NR) N pl, pl s [ € 1Y + 3n, 040 — 30 (3.44)

Indeed, we could otherwise build a sequence (px)r>1 in A~ (K NR) N p%, p7 4|,
such that min(pg — pf,p}; —pr) < 1/k for any k > 1. As \™' (K NR) is a compact
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set, (pr)k>1 can be assumed to converge to pl, for some m in {j,j + 1}. Thus,
(A (pk))k>1 should converge to A, with m € J,. Finally, K being closed, the real
A should belong to K N7 . But this is impossible because m ¢ J/ (7). Hence, (3.44)
is valid.

According to (3.44), the method used in Sec. 3.2 for &, with m € Nk and k €
JE  applies here without essential modification to every 7, j € J/ (K). Hence, for
any s > 1/2, we can find a constant ¢/, depending neither on f nor g, which satisfies

z—2')°. (3.45)

¥ (2,2) € (KNCE?, |r () = ri(2)] < lIfllz: gl

Now, let us study z — Rj( ) = rj_l( )+ ri(z) for every j € J (7). In this case,

we have A7 = 7 and Ri(z fpi“ )\h(p()p)zdp for any z € K N C*. The function
1
p /\:(p()plz also has to be extended at p = p7. As A}, (p}) = 0, this extension

necessarily requires a vanishing h, at p7. This condition will be filled by choosing
f and g in suitable subspaces of HZ, which are introduced now.

3.4.2. The NHZ-spaces

Let k € N and s > k — 1/2. Then, for any ¢ € H?, it is shown in Ref. 15 that each
on, n > 1 , belongs to C*~1(R). Moreover, for all ¢ € R and any « € {0,1,...,k—1},
(q) is a linear form on H. Hence, for any j € J,,

d*Pn
NH:(n,j, k) :{ € H:, di (p) =0, va_o,l,...,k—1}
is a closed subspace of HZ. Now, let us see by taking f and g in the previous spaces,
that R, j € J;,(7), becomes a Hélder continuous function in any neighborhood of 7.

3.4.3. Holder continuous properties of R., n € Ny, j € J! (1)

To see this, let o belong to {1,2,...,N/* — 1}, and set o’ = NI — a. Next, fix
s>a—1/2and s’ > o/ —1/2 such that a+a’ > NT'. At last, take f € NHZ(n, j, ),
g € NH? (n',5,¢/) and 6 in [0, t+t2/*1[, where ¢ = min(l,s — a« — 1/2) and ¢ =
min(1l,s —a’ —1/2).

As j € J;(7), it is clear that A7, ; belongs to T\{7} if j = 1 is in J, and that
limp,pn, An(p) = +oo otherwise. Therefore, the inclusion K\{r} C C\T allows
us to build a compact subset P of ]p}‘_17 p} 11, such that P} € P, and we also have

67 =inf{|\.(p) — 2|, p € ]p;-tl,p}@l[\P, z€ K} >0. (3.46)

Take now By € C5°(]pj_1,p}11]) such that By(p) = 1 for any p € P, and set (31 (p) =
1—Bo(p) for any p € R, By being 0 outside |p}}_;, p’;[. Then, for every z € KNCH#,
R} (z) decomposes in R} (z) = R}:°(z) + R (z) with REk( fp’“ %dp,
for each kK =0, 1.
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Now, Py being supp(3), and Py denoting the interior set of Py, we have

; Bo(p)hn(p) Bo(p)hn(p)
RIO(z) = Polp)in(p) g, Polp)in(p) g,
w (@) /Pm] i ) =2 */pmp;,w M)z

for any z € K NC*. Next, by setting p = €7 1(A) in the first integral and p = £7(\)
in the second one, we get

R%’O(Z): i / ¢k( )d)\

nA— 2
k=j—1 Ioﬁl

with Iy = A (By), ¢ = o & for k € {j —1,j}, and ¢(p) = W for any

p € Po\{p}}. But P is a subset of Py, so p; € Py. According to Corollary 3.2.1 of
Ref. 15, we can also write

Vpe By, hulp) = (p—p)N ~1H(p),

where H is a vanishing function at p = p’, which satisfies in addition

-2
V(p.p)e Py, [HY) - Hp)| < Allflla:lglla:1p —pl°, (3.47)

for some constant A, independent of f and g. Furthermore, p7 is a zero of A, — A7

with multiplicity NJ* > 2, so there is an analytic function a,, on R, which never
vanishes on Py, such that

Vpe Ry, Ny(p) = (p—p})"" an(p).
Next, as H (p?) = 0, the function 1 can be extended continuously to Py by setting

(=)' Bo(p)H (p)

)| pe€ Po N[pt,phl

As BoH/lan| € C*(Jp}_1,p}1[) and 9(p}) = 0, (3.47) furnishes a constant B,
independent of f and g, such that
—2
V(p.p') e By, [9) = @) < Bl fllm:llglm: v —pl’. (3.48)

Moreover, as Iy = A\, (P) is a compact subset of I U{r} U I}, the inverse function
& is I/Nj’-l—HE)lder continuous on Iy N .T for every k € {j — 1,4}, so we can write

V(A N) e o N IE)? |6r(N) = k()] < Millfl|

where the constant M}, depends neither on f nor g. In view of extending (3.49) to

p=pl"N, (3.49)

9ll s

any A and X in Iy, two cases have to be distinguished now.

e First case: \, is monotone on |p} q,p?[ U |p},p} [ Thus, I" 1 N I” = {7}
and, according to (3.49), the function

o {gb;”_l()\) ifxell, NI
o7 (N) if xel? n Io,
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satisfies
—2
V(A XN)e I, o) — o) < afllflla:llgllms [N

for some independent constant aj of f and g. Moreover, ¢ vanishes at the ends
of Py, so ¢ vanishes at I \ Ip.

e Second case: A, is not monotone on |p?_,,p}[ U |p},p7, [ As I7 | and I} have
symmetric roles, we can assume for example that [ | C I7. Then by settlng

M_{ (IO X HICYRS DY A
o7 (A if A€ (AIFy) N Do,

— \|9/N (3.50)

it can be verified that ¢ satisfies (3.50) and vanishes at Iy\Io again.

Now, as R%%(z) reduces to fﬁ %dk for any z € K N C*, Lemma 3.1 finally
involves:

" 2|9/ (3.51)

V(z2) € (KNCH?, |RY() = R (2)| < af | fll e llgll e =

Moreover, we remark that the condition ¢(7) = 0 warrants

lim  RiO(z) = (/ folp ) (3.52)
z—7,+Im(2)>0 - T

Next, supp(B1) C R\ P, so (3.46) proves that R%! is Lipschitz continuous on K NC*.
As §/N}' <1, it can finally be deduced from (3.51) that

" 2|9/N | (3.53)

V(z2) € (KNCH)?, |RL(Z) = R(2)] < Col fllmellgllm: |2

for some constant C? independent of f and g.
Now, as J/,(7) is at most finite, (3.32) is verified when any R}, j € J!(7),
satisfies (3.53). This condition can be fulfilled by taking functions f and ¢ in a
suitable intersection of the previous N H?-spaces. Set also Z, = {(n,j), n e N*, j €
J)(7)}. Then, for any multi-indice a = (a?)(n,j)GZT € (N*)%r whose modulus is
la| = max(, jjez, |a}|, and for any s > [a| — 1/2, we have already remarked that

NHZ(n, j,a}) is a closed subset of H_. So the intersection

NH:(r,a)= () NH:(n,j,a})
(naj)EZT

is also closed. Now, it only remains to find a suitable multi-indice a for which a
limiting absorption principle can be deduced in the space NH}(7,a).

3.4.4. A limiting absorption principle for M at T

Assume now that a} belongs to {1,2,...,NI'} for any (n,j) in Z;, and set

b= (N} —af )(n ez . Next, take s’ > |b| — 1/2 such that s+ s’ > |N|. At last, set
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t = min(l,s — |a| +1/2), ¢ = min(1,s’ — |b| + 1/2) and 0 € [0, %[ Thus, re-
calling (3.36), (3.37), (3.43), (3.45) and (3.53), we finally have proved that for any
(2,2') € (K NC*)?,

(R (') f, 9)m: — (R (2).f 9z | < Coa|fll s |9l 122 |2

where the constant C); is independent of f and g. Thus, as shown in Sec. 3.1, the
general extension theorem of uniformly continuous functions involves:

S|P/

Theorem 3.2. Let 7 € T and K be a compact subset of (C\T) U {7}. Next, for
any multi-indice a = (a?)(n’j)GZK such that a} € {1,2,...,N'} for any (n,j) in
Zk, setb= (N} —a . At last, take s > |a] —1/2 and s’ > |b] — 1/2 such
that s + s > |NJ|.

Thus, the function z — Rp(z) extends in a 0/|N|-Holder continuous function
on KN C* for any 0 € [0,t +t' — 1/2[, where t = min(1,s — |a| + 1/2) and
t' = min(1l,s" — |b| + 1/2). Indeed, there is a constant ¢ = ¢(s,s’,0, K) such that

V2,2 € KN CE R (2) — R (2) < cla! — 2[0/(NI+Y)

.;L) (n,j)EZK

”B(NH: (r,a),(NHE (1.0))")

Finally, under the assumptions of Theorem 3.2, we deduce from (3.52) and
Lemma 3.1 that:

z—7,£Im(z)>0

-2 p(/ ]ng) dp)i” 2 &EZ%

n>1 a€xn ({71),2,, (9)#£0
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