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ABSTRACT. We consider the inverse coefficient problem of simultaneously determining the
space dependent electromagnetic potential, the zero-th order coupling term and the first
order coupling vector of a two-state Schrodinger equation in a bounded domain of RY,
d > 2, from finitely many partial boundary measurements of the solution. We prove that
these 3d + 3 unknown scalar coefficients can be Holder stably retrieved by (3d + 2)-times
suitably changing the initial condition attached at the system.
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1. Introduction

The present article is concerned with the identification of the two magnetic Laplacians and the
linear coupling of a two-state quantum system by knowledge of finitely many partial boundary
observations of the solution. Namely, given 7 € (0,00) and a bounded domain 2 in R d €
N ={1,2,...}, with boundary " = 02, we consider the following initial-boundary value problem
(IBVP) in the unknowns u*(x,t), where z € Q and t € (0,T),

.

—i0ut — Aprut +qtut +@-Vu +ou” =0 inQ=Qx(0,7)
—i0u” —Ag-u” +qum —®-Vut +¢gut =0 inQ
ut(-,0) =ug, u (-,0) = uy in 2

ut =gt u =g onY =T x (0,7),

(1.1)

\

with initial state uF- and non-homogeneous Dirichlet boundary condition g*. Here, ¢* : Q — C is
a complex-valued electric potential and

(1.2) Aye = (V4iA5)(V +id%) = A + 2045V +i(V-AF) — |AF]*

denotes the magnetic Laplace operator associated with the magnetic vector potential A* : ) — R,
The coupling between the two Schrodinger equations appearing in (1.1) is linear, the coefficient
of the first order term being expressed by the vector potential ® : Q — R?, while the one of the
zero-th order term is ¢ : {2 — C. We refer the reader to [12, Section 1] for the physical relevance of
the IBVP (1.1) for modeling the dynamics of two states quantum systems such as spin-% particles,

like electrons, subject to time-independent magnetic fields.
1
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In this work we examine the stability issue in the inverse problem of simultaneously determining
the electromagnetic potentials A*, the electric potentials ¢* and the coupling terms (®, ¢) from
partial Neumann boundary measurements over (0, 7") of the solution to (1.1), obtained by 3d + 2
times suitably changing the initial state .

1.1. A short bibliography. There is a wide mathematical literature on inverse coefficient prob-
lems for partial differential equations. Here we shall restrict our attention to references dealing
with the dynamical magnetic Schrodinger equation and (we refer the reader to, e.g., [14] for a
global uniqueness result in an inverse problem for the magnetic static Schrodinger equation). In
many of those works the data is the magnetic Dirichlet-to-Neumann (DN) map, which is invari-
ant under gauge transformation of the magnetic potential of the Schrodinger equation. Therefore,
in general, it is completely hopeless to retrieve the magnetic potential vector from the DN map.
Nevertheless, the magnetic DN map does uniquely determine the magnetic field, i.e. the exterior
derivative of the magnetic potential (the terminology is inherited from the three dimensional case
where the exterior derivative of the magnetic potential vector is generated by its curl), see e.g.
[2, 3, 10].

Notice that infinitely many boundary observations of the solution to the Schrodinger equation
are needed to define the magnetic DN map. By contrast it was established in [7, 9] by means
of a Carleman estimate that the magnetic potential of the dynamical Schrodinger equation can be
stably recovered by a finite number of boundary observations of the solution over the entire time-
span. The idea of using a Carleman inequality to recover unknown coefficients appearing in a
partial differential equation from boundary data of the solution was first introduced by Bukhgeim
and Klibanov in [4]. Since its inception in 1981 the Bukhgeim-Klibanov (BK) method was suc-
cessfully applied to parabolic and hyperbolic systems, to the Maxwell equation, to the dynamical
Schrodinger equation, and even to coupled systems of partial differential equations. See [11] for a
complete review of multidimensional inverse problems solved with this approach.

In the present article the BK method is applied to a system of two coupled magnetic Schrodinger
equations. We aim for simultaneous stable determination of the two time independent electromag-
netic potentials (A", ¢"), k = =+, and the pair of coupling terms (¢, ®) appearing in the IBVP (1.1),
through finitely many Neumann data. This is reminiscent of the study carried out in [12] where the
same inverse problem is considered when AT = A~ = 0. Nevertheless it is worth mentioning that
extending the results of [12] to the magnetic Schrodinger system (1.1) is not straightforward. As
a matter of fact, a specifically designed Carleman estimate borrowed from [9], which is different
from the one used in [12], is requested by the magnetic framework of this paper (see Section 1.4
for more details on this technical issue).

Further we point out that the inverse problem of determining the linear coupling of two non-
magnetic Schrodinger equations was examined in [8] and that the electric potential of two magnetic
Schrédinger equations was stably retrieved by Neumann data in [13] under the assumption that
A~ = AT is known. But, to the best of our knowledge, there is no reference in the mathematical
literature dealing with the inverse problem of determining the electromagnetic potential of a system
of two coupled Schrodinger equations, by a finite number of Neumann data.

1.2. Notations. Throughout the entire text, z = (1, ..., x4) denotes a generic point of 2 C R%.
We put §; = = fori = 1,...,d, 9% = 0;0; for i,j = 1,...,d, and as usual we write 97
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instead of 9%. Next, for any multi-index k = (ky, ko, ..., kg) € N¢, where Ny = {0} UN, we set
OF = 0F ok 9% and |k| = Z;.lzl k;. Similarly, we write 9, = 2 and d,u = 3¢ = Vu - v,
where v is the outward normal vector to I' and V is the gradient operator with respect to . Here
and below the symbol - stands for the Euclidian scalar product in R? and V- denotes the divergence
operator.

Using the same the notations as in [17] we now introduce the following functional spaces. For

X, a manifold, we set
H™ (X x (0,T)) = L*(0,T; H" (X)) N H*(0,T; L*(X)), r,s € [0,00) ,

where H"(X) (resp., H*(0,7")) denotes the usual Sobolev space of order r (resp., s) in X (resp.,
(0,7)), the set H°(X) (resp. H°(0,T)) being understood as L*(X) (resp., L*(0,T))). More
specifically, when X = Q we write H™*(Q) = L*(0,T; H"(Q)) N H*(0,T; L*(Q)) instead of
H™(Q x (0,T)), while for X = T we write H"*(X) = L2(0,T; H"(T)) N H(0,T; L*(T"))
instead of H™*(I" x (0, T)).

For further use we recall from [17, Section 4, Theorem 2.1] that for all w € H™*(X x (0,7T)),
r, s > 0,and all (j, k) € NI x Ny such that 1 — |j|/r — k/s > 0, we have

(1.3) Pidku € HM(X x (0,T)) where - = ¥ —1 — Ul _
r s r s

and the estimate

(1.4) Ha;aquHHYV(XX((LT)) S ||u||H'r,s(X><(O7T))

1.3. Main results. We first examine the well-posedness of the IBVP (1.1). For this purpose we
introduce the following Hamiltonian operator acting on (C5°(Q)’)?,

—Ap+ +q¢t PV +9¢
(1.5) (A= ¢t D, ¢) = 4 ,
—(I)'V—ng —AA7+q’

and we rewrite the IBVP (1.1) as

—i0u + H(AE, g5, P, 0)u=0 inQ
(1.6) u(+,0) = ug in Q
uUu=gq on X,

where u = (u™,u™)7 is the transpose to (u™,u™), ug = (ug,uy)? and g = (g7, ¢9~)T. Then the
existence and uniqueness result for (1.1) that we have in mind can be stated as follows.

Theorem 1.1. Fix m € N and assume that T is C*™. Let A € W?mtL>e(Q RY), let ¢* €
W2mee(Q) C), let ® € W2™>°(Q, RY) satisfy

(1.7) V- -®(z)=0, z€Q,
and let ¢ € W?™>(Q, C) be such that

HAiHWZm+Loo(Q)d + Hqi”wmm(m + ”(I)HW?WOO(Q)d + ”¢Hw2m’°°(ﬂ) = M,
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for some a priori fixed positive constant M.
Then, for all g = (g7, g7)* € HXm+DmH1(2)2 and all ug = (ud,uy)T € H>™H(Q)? fulfilling
the following compatibility conditions

(18) 859(,0) = (_Z)E [H(Ai7qiaq)a¢):|eu0 on Fa (= 07 e, M= 17

there exists a unique solution

u=(ut,u) € ﬁ H™ 40, T; H*(2)?)

(=0

to the IBVP (1.1). Moreover, we have

(1.9) Z ||uHHm*4(0,T;H2@(Q)2) <C <||U0”H2m+1(9)2 + ||g||H2(m+§[>,m+%(E)z> ;
=0

where C'is a positive constant depending only on ), T and M.

It can be checked from the proof of Theorem 1.1 displayed in Section 2.2 below, that the result of
Theorem 1.1 is still valid upon weakening the assumption A* € W?2m+Loe(Q) R?) by the following
one:

AF e WIP(Q,RY) = {u € WH™>(Q,RY), V- u € W™>(Q,R)}.

Nevertheless, for the sake of simplicity we stick with the above statement of Theorem 1.1 in the
remaining part of this text.

Even though the above statement looks quite similar to [12, Proposition 1.1] it is worth men-
tioning that Theorem 1.1 cannot be deduced from it since A* = 0 in [12]. Moreover we point out
that the regularity and the fixed boundary values imposed on the admissible unknown coefficients
by the main result of this article (see Theorem 1.2 below) are directly requested by the application
of Theorem 1.1 and namely by the compatibility conditions (1.8). Furthermore the estimate (1.9)
is needed by the proof of Corollary 1.1 below, which establishes that the solution to the IBVP (1.1)
is sufficiently smooth for applying the BK method in Section 3. For all these reasons and for the
convenience of the reader, we give a detailed proof of Theorem 1.1 in Section 2.

Further, setting
(1.10) Ny = L#j + 3,
where | x| denotes the greatest integer less than or equal to = € R, we have the following useful
byproduct of Theorem 1.1.

Corollary 1.1. Under the conditions of Theorem 1.1 with m = Ny, the solution u to (1.1) lies
within the class W10, T; WH>(Q)?). Moreover, there exists a positive constant C' depending
only on Q, T, M, uq and g, such that

(L.11) HUHWLoo(o,T;WLOO(Q)?) <C.

This being said we turn now to stating the main result of this article, which focuses on the
stability issue in the identification of the Hamiltonian H (A*, ¢*, ®, ¢) by Neumann data. For this
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purpose we pick M € (0,00) and fix m € {3,4,...}. Then, given ¢y € W™>(Q,K), K = R or
C, we introduce the set of admissible K-valued m-regular scalar potentials as

(1.12)
Q™ (g0, K) = {q € W™ (QK) ¢ [|allyymee (e < M and &g = g5 onT, k=0,....m — 3} .

Next, for ¢; € Q7 (qo, K), j = 1,2, we say that (¢1, ¢2) € F (9} (q0, K)) whenever
Va1 (z) = Vaa(2)| < Mgi(z) — ga(2)], = € Q.

Similarly, for V, € W™ (£, R%), the set of real-valued m-regular vector potentials is defined
by
(1.13)

VI (Vo) = {v € W™ (LR : |Vl yymiays < M and 95V = 35Vyon T, 0 < [k <m — 3 } .

In the special case where V - V; = 0 in €2, we denote by f/]\’?[(\/o) the set of divergence free vector
potentials in Vi; (1)), i.e.

Vi (Vo) ={V € Vii(Vo): V-V =0in Q}.
Further, given V4 and V5 in V}}(Vg), we write (Vi, V5) € F (Vi3 (Vo)) if
d

<M (|(Vi = Va)(@)| + [V.(Vi = Vo) (z)]), z € Q,
where (V1 —V3);,j = 1,...,d, denotes the j-th component of V; — V5. Likewise, for 1] € 17]\”}(%)

and V € V7 (Vp), we say that (V4, Va) € £ (Vi(Vp)) when
d

.....

We point out that there exists actual examples of classes of electromagnetic potentials (AT, A5) €
F V(A5 BY), (67.¢5) € F(Qui(at.C)) and coupling terms (1, Py) € F (Var(o, RY)),
(¢1,02) € F(Qur(do,C)), where AT, ¢F, &y and ¢ are as in Theorem 1.2. Such examples
can be built for instance by adapting the ideas of [9, Remark, Point d)].

The main result of our article can be stated as follows.

Theorem 1.2. Assume that I' € C*Na where N, is defined by (1.10), let A5 € W2Natloo(Q RY),
let &y € W2Ne2(Q RY) satisfy the condition (1.7), let ¢ € WNo*(Q R) and let ¢y €
W2Naoo(Q) C). Then there exist a sub-boundary Ty C T and a set of 3d + 2 initial states ul =
(ud"", ug )T € H2Na+1(Q)2 and boundary conditions gF = (g%, g=*)T € H2Nat+3/4).Na+3/4(5)2
k=1,...,3d+2, fulfilling the compatibility conditions (1.8) withm = Ng, such for all (AT, AT) €
F(Va(AZ R, all (B, By) € F (Var(Po,RY)), all (¢, q5) € F(Qurlqo,R)) and all (¢1, ¢2) €
F (Qn (o, C)), we have

K K112 K K\ (12 K K2
(1.14) S (145 = 451220 + 1045 = AD) 2oy + g — 6513 )
K=4,—
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2 2
101 = Pol72(0) + 101 — P2ll72(q)

3d+2 9
<C ) 8,0, — 8,9 .

Here, ¥y = T'y x (0,T), C is a positive constant depending only on w, T, M and (uS‘L’k,gi’k),

k=1,...,3d+ 2, and ué“ = (u;rk, uj_k)T for j = 1,2, is the solution to (1.1) given by Theorem
1.1 where (Aji, ;. 05, qji, u(f’k, g ") is substituted for (A, ®, ¢, ¢*, uE, g*).

Remark 1.1. In the special case where V - AT = 0in Q and (Af, AT) € F (Vi (AL, RY)), the
statement of Theorem 1.2 is still valid for (¢, q¢5) € F (Qu(qi,C)) and g5 € W*Na>=(Q, C),
that is to say for complex-valued potentials q;E, j = 0,1,2. This can be easily checked from the
proof of Theorem 1.2 in Section 3. Nevertheless, in order to avoid the inadequate expense of the
size of this article we shall not elaborate on this matter.

Similarly, when the divergence of the magnetic vector potentials is known (that is to say when
V - (AT — AY) = 0in Q) one can see from the derivation of Theorem 1.2 that (1.14) remains true
with only 3d local boundary measurements. Such a result is optimal in the sense that the 3d + 3
components of the vector-valued functions representing the unknown magnetic vector potentials,
the unknown (divergence free) first order coupling vector, the unknown electric potential and the
unknown zero-th order coupling coefficient, amounting altogether to 3d degrees' of freedom, are
recovered with exactly 3d local boundary measurements of the solution.

1.4. Comments. The stability inequality (1.14) extends the result of [12, Theorem 1.2] to the case
of coupled magnetic Schrodinger equations with time-independent non-zero magnetic potentials,
whereas in [12] the Aj[, j = 1,2, were assumed to be zero everywhere in ). Although the strategy
of the proof of (1.14) is inspired by the one of [12, Theorem 1.2], there is an essential technical
difference between these two approaches. As a matter of fact, in order to avoid observation att = 0
over the whole domain €2, the authors in [12] use a Carleman estimate on the extended domain
Q x (=T,T). As was already noticed in [9, Section 1.2] and in [7], this technique works only for
Schrédinger equations with either zero or non-zero but odd time-dependent, magnetic potential.
Since, here, A}t, j = 1,2, are non-zero and time-independent, we will rather use the Carleman
inequality stated in Theorem 3.1 below, that was specifically designed for magnetic Schrodinger
equations in [9, Theorem 3.1]. This technical change is reflected in the more stringent conditions
imposed by (1.12)-(1.13) on the unknown coefficients of the inverse problem studied in this work,
relative to the ones in [12, Theorem 1.2].

1.5. Outline of the article. The paper is organized as follows. In Section 2 we establish Theorem
1.1 and Corollary 1.1. Section 4 is devoted to the derivation of Theorem 1.2 while Section 3
contains tools and technical results that are needed by its proof. Details concerning the definition
of the Dirichlet magnetic Laplacian can be found in the Appendix A and the proof of the relative
boundedness with respect to the magnetic Laplacian, of first order perturbations is given in the
Appendix B.

IThere are 3(d — 1) degrees of freedom for the two magnetic vector potentials and the (divergence free) first order
coupling vector, and 3 more degrees for the two electric potentials and the zero-th order coupling scalar coefficient.
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2. Existence and well-posedness

In this section we prove Theorem 1.1 and Corollary 1.1. We start by defining the self-adjoint
operator associated with H(A*, 0, ®, 0) for suitable real-valued vector potentials A* and ®.

2.1. Preliminaries: selfadjointness. The technical result that we have in mind is as follows.

Lemma 2.1. Assume that I is C?. Let A* € W (Q,R?) and let ® € W (Q,RY) fufill (1.7).
Then, the operator

—A ¢V
H(A*, ®)u = 4 w, u=(ut,u")" € D(H(A*, ®)) = (H () n H2(%))*,
0.V —A,
is self-adjoint in L*(Q)? and we have

H(A®, ®)u = H(A®,0,®,0)u, u € (H3(Q) N H*(Q))2

Proof. With reference to Lemma A.1, the operator

Az 0

ADiU =
. 0 A,

u, u=(ut,u7)" € D(AR) = (HY(Q) N H*(Q))’,

is self-adjoint in L?(£2)2. Next, since ® € W>°(Q, R?) is divergence free, the operator

0 P -
Tpu = v u, U = (u+,u_)T € D(Ty) = (Hé(Q))Qa
—® .V 0

1S symmetric in LQ(Q)Q. Moreover, Tg 1S Aﬁ’i -bounded, with relative bound zero, according to
Lemma B.1. Therefore, by Kato-Rellich Theorem (see [16, Theorem X.12]), the operator —Afi +

Ty, endowed with the domain (H2(Q2) N H2(Q2))? is self-adjoint in L2(£2)? . O

Next, we introduce for further use the following multiplication operator in L?(€2)? by the func-
tions ¢g= € W2°°(Q,C) and ¢ € W2>=(Q, C), as
¢ ¢
¢ q

Since D(H (A%, ®))) = (H}(Q)NH?(£))? and since ¢* and ¢ are taken in W2°°(Q), it is apparent
that

Py =

(2.15) Py 4 € C([0,T), B(D(H(A%, ®)))),

where B(X) denotes the space of linear bounded operators in the Banach space X.
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2.2. Proof of Theorem 1.1. We proceed by induction on m.

Base step. We start by proving the statement of Theorem 1.1 for m = 1. Since g = (¢g*,¢7)7 €
H2%5(X)2 and ug = (ul,uy)” € H3(Q)3, we apply [17, Chapter 4, Theorem 2.1] and get G =
(GT,G7)T € H*?(Q)? satisfying G = g on X, G(+,0) = ug in €, and the estimate

(2.16) 1G sz < € (1ol s + 191,55y ) -
Here and in the remaining part of this proof, C' denotes a generic positive constant depending only
on €2, T"and M, which may change from line to line.
Next we notice that u = (u™,u™)7 is a solution to (1.1) if and only if v = v — G = (ut —
GT,u™ — G7)T solves
—iOw + (H(A*,®)+ My ,)v=f inQ
v(-,0) =0 in

(2.17)

where f = (f*, f7)T =i0,G — H(A*, ¢*, P, ¢)G. In light of (1.3)-(1.4), the functions 9;G and
H(AE, ¢, ®, ¢)G are both in H*'(Q)? and they satisfy the estimate

10:G | 2 2 + |HA®, 0%, @, 0)GC| o g < ClG e
Thus we have f € H*Y(Q) = H*(0,T; L*(R2)?) and
(2.18) HfHHl(QT;LQ(Q)Q) <C (HatG”Hz,l(Q)Q + HH(Aia qia (I)a ¢)GHH2»1(Q)Q>
< Cl|Gllaz gy

Moreover, due to (2.15) and the maximal dissipativity of the operator —i H (A*, ®) which follows
readily from Lemma 2.1, we may apply [6, Lemma 2.1] with X = L2(Q)2, My = —iH (A%, ®)
and B = —i P« 4. We obtain that (2.17) admits a unique solution v € H*'(Q)? such that

||U||H271(Q)2 < C||f||H1(0,T;L2(Q)2)'
Finally, using that u = v+ G, we get (1.9) by combining the above estimate with (2.16) and (2.18).

Inductive step. Fix m € {2,3, ...} and assume that the statement of Theorem 1.1 where m — 1 is
substituted for m, holds. Let u be the ();*," H™~1~(0, T'; H*(Q)?)-solution to (1.6) obtained by
applying Theorem 1.1 where m was replaced by m — 1, satisfying

m—1
(2.19) Z [wll grm=1-e0 7. mr2e )2y < C <HU0HH2m—1(Q)2 + HgHHQ(m*%)vm*%(z)?) )
=0
according to (1.9). In particular we have v € H'(0,T; H>™2(Q)?) and the function w = d,u
solves
—i0w + H(A*, ¢F, @, ¢)w =0 inQ
(2.20) w = Oig in¥

w(-,0) = wy in
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where wy = —iH (A", ¢*, @, ¢)ug € H*™1(Q)? satisfies [[wo|l rzm-1(y2 < Clluoll gzm1 ()2 and
Q(m—l ,m—l 2 _
,g € Hm=5)m=3i(%)? fulfills ||8tg||H2(m,%),m,%(E)2 < ||g||H2<m+%)‘m+%(z)2’ from (1.3)-(1.4).
Moreover, for all = 0,1,...,m — 2, we have
af<8tg>(7 0) - af+lg(7 0)
= (=) [H(A%, ¢, @, 0)] g
according to (1.9), whence
. ¢
af(atg)(v O) - <_Z)€ [H(Aia qiu CI), QS)} wo-

Therefore we have w € ()=, H™'~¢(0, T; H*(€2)?) according to the induction hypothesis, and
the estimate

m—1
221 ; ”w”Hm*l*é(O,T;H“(Q)?) <C (“wOHH?ml(Q)? + ||at9HH2(m}l),m}l(E)2)

<C <V|u0||H2m+1(m2 - ”g”HQ(M%)“*%(ZP) '

From this and (2.19) it then follows that u € ()", H™ (0, T; H*()?) verifies

m—1
(2.22) ; Hu”Hm—K(O’T;HQZ(Q)2) S C (HUOHHQWL+1(Q)2 _'_ ”gHH2<m+3>’m+i(2)2) .
Thus it remains to show that u € L?(0, T; H*™(£2)?) and that

||u||L2(O7T;H2m(Q)2) <C (||U0||H2m+1(9)2 + ||g||H2(m+i),m+§(E)2) )

To do that we notice from (1.2) and (1.5)-(1.6) that for a.e. ¢t € (0,7), the function u(-,t) is a
solution to the following boundary value problem (BVP)

—AU(',t) = w('at) in @
u(-,t) = g(-, 1) onT,

(2.23)

where Au = (Aut, Au™)T and ¢ = (¢, 7)7 is expressed by
224)  t(ai) = <i(9t +2iA%(z) - V +i(V - AX(x)) — |A% ()] - qi(x)) u* (z, 1)
+ (:F(I)($) -V — ¢($)) qu(x,t), r€eQ tEe (O>T)

Using the elliptic regularity property of the BVP (2.23) we may now improve the spatial regularity
of u as follows. Namely, since u € H'(0,T; H* ™1 (Q)?), it follows from (2.24) that ¢(-,t) €

H*™=3(Q)? for a.e. t € (0,T). Moreover, since g(-,t) € H2(m_%>(1“)2 and ' € C*™, we deduce
from (2.23) that u(-, t) € H*™1(Q)? satisfies

: t 2m—1 2 < C .7t 2m—3 2 '7t 2 _3
e s < € (100D onsis + 1900 oy )
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< : : - y ,
< € (It s+ e Dlln- iy Do O gy, )
This entails that uw € L*(0,T; H*"1(Q)?) and that

(2.25)

HUHLQ(O,T;HZ"L—l(Q)Q) <C <|’wHL2(O,T;H2"l—3(Q)2) + HuHL2(O,T;H2(m71)(Q)2) + H9HL2(0 T.HQ(m—%)(F)2)>

<C <”w||L2(0,T;H2<m—1)(Q)2) + ||u||L2(O,T;H2(m—1)(Q)2) + ||g||L2(O,T;H2(m%>(F)2)> :

Moreover we have ¢(-,t) € H*™D(Q)? for ae. t € (0,T), by (2.24), and since g(-,t) €
H2(m=1) (T)? and T € C*™, we infer from the BVP (2.23) that u(-, ) € H*™(€)? and that

-t amione < C -t 2(m—1)())2 1 2(m—1
ol < € (10Ol + 19601y

1

<C (Hw('at)HH?(m—l)(Q)Q —+ |’u(-,t)”H2mfl(Q)2 + Hg(-,t)HHg(ml)(r)Q) .

From this and (2.25) it then follows that u € L*(0, T; H*™(Q)?) satisfies

[ll 20, 2m )2y < € <HwHL2(O,T;H2(m1)(Q)2) + lJull 20,75 pr2m-1(02) + HQHLZ(O T~H2<m_‘11)(1“)2)>

sty

<C <||wHL2(0,T;H2(m—1)(Q)2) + ”UHL2(0,T;H2<m—1)(Q)2) + gl o 2(m711>(r)2)) ;

where we used in the last line that [|u| 12 7. gr2m-1(0)2) < Wl 200 7 mr20m-1 (@)2) Ul 20 7 pr20m -1 (0)2)-
Putting this together with (2.21)-(2.22) we end up getting (1.9), which terminates the proof.

2.3. Proof of Corollary 1.1. An application of Theorem 1.1 with m = N, shows that © €
H?(0,T; H*Na=2)(Q)?). Further, since 2(Ny — 2) > d/2 + 1 from (1.10), we have

u € Wheo (0, T; Whe(Q)?)
by Sobolev embedding theorem, and the estimate

HUHWLm(o,T;WLoo(Q)z) < CHUHHQ(O,T;HQWd_Q)(Q)Q)7

where c is a positive constant depending only on §2, 7" and M. Finally, (1.11) follows from this
and (1.9).

3. Inverse problem: tools and preliminaries

The analysis of the inverse problem studied in this work is built upon the ideas of the BK method,
which mostly relies on a global Carleman estimate for the operator

(3.26) L=—i0,— A

acting in (C$°(Q))". This inequality is presented in the coming section.
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3.1. A Carleman inequality. Let us consider a nonnegative function 3 € C*(Q2) satisfying the
two following conditions:

(i) S has no critical point in €2:

(3.27) ey € (0,00), |VB(x)] > o, x € Q;
(i1) S is pseudo-convex with respect to the Laplace operator:
(3.28)
(o, €) € (0,00)2, A > Ao = A|VA(z) - £ + Z 2)E& > e, x e, € e R

2,j=1
Further we pick a function ¢ € C''([0, 77, [0, 00)) obeying
(3.29) ((T) = 0and 0 < £(t) < £(0), t € (0,T].

There are numerous examples of functions 5 and ¢ fulfilling the conditions (3.27)-(3.28) and (3.29)
respectively. For instance, 5(z) = |z — x0|2 for all z € Q where 7y is an arbitrary fixed point in
R4\ Q and ((t) = (T — t)(T + t) for all t € [0, T, are one of them and it is well known in this
peculiar case that the observation zone of the Neumann data used in the analysis of the inverse
problem studied in this work, defined by

(3.30) Ip={z€0Q:Vjx)- v(x) >0},
is the x(p-shadowed face of the boundary I', see e.g. [1, 9]).

Next we introduce the following weight function

p2\B(z) _ K

(1)

where K = 2sup,.q f(x) and X\ € [1,00) is taken so large relative to K that A\ > 2(In2)K — 1.
This being said we notice from (3.26) through direct calculation that we have

e**Le™** = 1s(0yx) + R1 + Rs, s € (0,00),

(3.31) az,t) = , (z,t) € Q,

where
(3.32) Ry = —i0; — A — $*|Va|* and Ry = 2sVa-V + s(Aa).

Then we have the following global Carleman estimate for the operator (3.26) as a straightforward
consequence of [9, Theorem 3.1 and Remark 3.2].

Theorem 3.1. Let L, 3, {, \, a and R, for j = 1,2, be as above. Then, there exist two positive
constants sq and C, both of them depending only on ¢, c, 6||Loo(g), 0(0), ||LOO(Q) and )\, such
that for all s € (sg,00) and all u € L*(0,T; H}(Q)) satisfying Lu € L*(Q) and d,u € L*(X), we
have

(333 [Raleu)[Fag) + [ Bale™w) 2y + slle VulZag) + *leulliz )
<C (le* Lullia ) + 10vull} s, + sZ(u(-,0)))
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where ¥y = T'y x (0,7T) and

(3.34) Z(u(-,0)) = / @0 3(z) - (aVu — uVa)(z,0)|dz.
Q
The first step of the BK method is to linearize the system under study.
3.2. Linearized system. We mean by this that we write u; = (u,u; )", j = 1,2, for the solution

to (1.1) where (A;t, q;—L, CIDjF, (bf) is substituted for (A, ¢*, ®, ¢) and we take the difference of the

two corresponding systems. This way, putting A* = AT — AL, ¢* = ¢ — ¢F, ® = &, — ®y and
¢ = ¢1 — ¢, we obain that u = (v, u™)? = (u] —uj,u; —uy)? solves

—idpu + H(ATL, ¢, @1, 0))u = G(A*, ¢*, D, d)uy in Q
(3.35) u(-,0) =0 inQ

u=0 on X,
where

T (T B CORY
—0(=2,¢) Vs-(A7,q7)

the notation S* being a shorthand for AT + A3, and
(3.36) sz (AT, ¢F) = 20AT -V +i(Vgz - AT) — ¢F, O(£D,0) = £0 - V + 6.

Here and in the remaining part of this text, Vx for X € C4, denotes the X -magnetic gradient
operator
Vx =V-+:iX.

Since u* € H*(0,T; L*(Q))NH(0,T; H*(2) N HL(Q)) we may differentiate (3.35) with respect
to the time-variable. This is the second step of the BK method and as we shall see below its
main benefit is that the initial state of the new system is expressed as a function of the unknown
parameters A%, ¢, ® and ¢.

3.3. Time-differentiation. Setting v* = du® € H'(0,T; L*(Q)) N L*(0,T; H*(2) N H(Q)),
we get that v = J;u = (v, v™)T is the solution to the following coupled system

_iatv + H(Aita QEH q)l’ ¢1)U = g(Ai’ qiu CI)’ ¢)8tu2 in Q

U(',O) = ig(Aiaqivq)agb)uo in 2

v=20 on X.
In light of (3.26) this can be equivalently rewritten as

Lot = f* inQ

(3.37) vE(-,0) =vF inQ

vE =0 on X,
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where

(3.38) vy =i (Vs (AT, g% )uy — O(£®, p)ud)

and

(339)  fF =10, (AF, q)v" — O(F Py, ¢1)oT + Us= (AT, ¢7)Duy — O(FP, ¢)yu .

As expected, v is expressed in terms of the unknowns A*, ¢*, ® and ¢. In light of the right hand

side of (3.38) we are thus left with the task of extracting the relevant information on each of these

unknown coefficients by suitably choosing the initial states uo This will be carried out below

in Section 4.2 but prior to doing that, we shall estimate the e**:?)-weighted L?({2)-norm of Uo ,
€ (0, 00), with the following lemma, whose proof can be found in [9, Section 4.1].

Lemma 3.1. Forall s € (0,00), we have

(3.40) |e*ov™(, HLz <57 (HRles%iHiQ(Q) + SSH‘fm”iHQH(Q)) )

where ay(z) = a(x,0) for all x € Q and R, is defined by (3.32).

We shall see in Section 4.1 that the right hand side of (3.40) can be bounded (up to some mul-
tiplicative constant) by the Neumann data of the inverse problem under scrutiny, upon taking s
sufficiently large and applying the Carleman estimate of Theorem 3.1.

4. Proof of Theorem 1.2

We start by showing that the unknowns coefficients A, ¢=, ® and ¢ can be observed by the
Neumann data associated with the IBVP (3.37).

4.1. Observation inequality. Since v* € L?(0,T; H}(Q)), we have Lot € L?(0,T; L*(f2)) and
d,v € L*(0,T; L*(09)), hence we can apply the Carleman estimate of Theorem 3.1 to v*. We get
that

(4.41) > (ZHR )72 + slle** Vo |7z +83|!eS“U“IIL2Q>>

K=+,—

<C Z (HesaLmH%Q(Q) + H@,,U“H;(EO) - 31(113)) , s € (s0,00).

K=+,—
Next, with reference to the first line of (3.37) and to (3.39) we have
(4.42) ||esaLuiHL2(Q) < VA%(A?,qf,vi)—i-T((I)l,gzﬁl,v$)+V$i(Ai,qi,ﬁtuf)—l—T(@,qb, o),

where
(4.43)
Vi (Y, q,w) =2[[e*Y - Vwl| o) + [[€"(V - Y)w| 12y + 1€ (X - Y)Wl 12y + [l€*qw][ 12 (g

and

(4.44) T(®,p,w) = €@ - V[ 12q) + [l€Pw]| 2



14 MOHAMED HAMROUNI, MOEZ KHENISSI, AND ERIC SOCCORSI

Further, using that || || ey < (@ < M and ||Q1 HLN(Q pS

M (as we have &1 € Vi (o), ¢1 € Qurlo), AT € Vi (AT) and ¢ € Qur(gF) by assumption),
we obtain that for all s € (0,0) ,

(445) Vs (AT, 77, 0F) + T(®1, ¢1,07)

=M <2HemvviHL2(Q)d 2 M| 0| gy + (1€ VT 2gpa + HesaﬁHL%Q)) '

Similarly, using that [|S* - A*|| o) < 2M || A™ || e ) since AZ € Vy (A7), j = 1,2, and that
H@tu2 H Lo(Q and HV&tuz H Loo(Q)d are bounded in accordance with (1.11), we get that
Vs (A%, qi, oug) + T(®, ¢, Oyud)
sa A* sa + sa, + sa sa
<C (2] 4| agpe + L+ 220) [V - A5 g + (€6 | gy + 1™ @ 2t + el 2gy ) -

Putting this together with (4.42)-(4.45) and using that o(z,t) < og(z) for all z € Q and all
€ (0,7, we find that

@46) e Lo 0

<C ( > (e laq) + e Vel ) + hs<Ai,q*,<b7¢>> .5 €(0,00),

K=+,—
where
(4.47)

ha(A*, ¢%, @, ¢)
sap Ak |2 so K112 s k(|2 sa 2 sa 2
= Z <He °A ||L2(Q)d + eV - A ||L2(Q) + [[e**q ||L2(Q)> + |l O(I)HLZ(Q)d + |l 0425”1:2(9)

K=-+,—

Next, inserting (4.46) into (4.41) we obtain

> (ZIIR 0" L2 + (s = 20)[[€**VV"|[ T2 g + (57 = 20)]|e*v" || 2q >

K=+,—
< ( > (10" s, + 5TE)) + m(Ai,qi,cb,qs)) , 5 € (50,00).
K=+,—
Taking s; € (s, 00) so large that, say, min(s, s3) > 3C, we infer from the above estimate that

S (an ) e+ 1T e + 50 g )

K=+,—

<C ( Z (Hauvﬁni?@o) + 52(”5)) + hs(Ai,qi,CI),gb)) , S € (s1,00).

K=-+,—
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This and (3.40) then yield that

e ouf 2y < O ( > (1 + 5705)) +bs<Ai,qi,<b,¢>) 5 € (51,00)
K==+

K=+,—
The second term on the right hand side of the above inequality is treated by the following technical
estimate, whose proof is postponed to Section 4.3.

Lemma 4.1. Forall s € (s1,00), we have
> Z(h) < Chy(A* ¢, 8,0).
K=+,—

In light of this, we obtain that

N

_3 P
448) > [le*vf |72y < C's ( > 0" sy +shs(,4i,qi,q>,¢)) , s € (s1,00).
K==+

K=+,—
With reference to (3.36), we get by substituting the right hand side of (3.38) for UOi in (4.48), that
(4.49)

S (llerm (2iAr - Vg — (87 A" = i(V - A7) + ¢ us = (k@ - Vg™ + 615" )| )

K=4,—

( Y 100" o) + 57 2hs(AT, g, @ d))) € (s1,00).

K=+,—
Here s; was possibly replaced by max(s, 1) and the notation —x means F whenever k = =+.

The last step of the proof is to stably reconstruct the unknown coefficients A*, ¢=, ® and ¢ by
suitably choosing the initial states uo in (4.49). Otherwise stated we shall probe the system (1.1)
with sufﬁ01ently many initial states uff = (ug ™", ok Ug ’k), k=1,---,3d + 2, and Dirichlet boundary
conditions ¢g* = (g*t*, g=*) satisfying the compatibility condition (1.8) with m = 4, in order to
extract the relevant information given by the estimate (4.49) on A%, ¢*, ® and ¢.

4.2. End of the proof. Let us denote by u* = (u** u="*) the solution to (1.1) with initial state
£,k - 2
(uF, g%) = (ug ™, g**). Set vHF = Gu™* and py = pf + piy, where ;- = ||8Vvi’k“L2(Eo).
We proceed in three steps:
Step 1. First we take ug’ "= 1,u;" = 0and ug 2 =0, Ug ? = 1 successively in (4.49), add the

two obtained 1nequa11ties and get that:

(4.50) 0@l Taiqy + D €70 (8- A =iV - A% + ¢")|[12(

K=4,—
S C <87%bs("4i7qi7 (I)7¢) + H1 + :u2) , S S (517 OO)

Step 2: Second, we pick 6d functions ui A20 R,k =1,---,3d, such that the two matrices

(UHTUE, where Ui = (8; £ k+2> R and (U;)T is the transpose of U, are strictly positive
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definite:
(4.51) g >0, |UyE| = vilél, € € C
Then, for all k = 1,--- , 3d, we obtain upon substituting uoj[’kJr2 for u(f in (4.49) that
. o 2 1
@52 3 et ik, o) < O (57Eh, (AR, 65, @,6) + pis) s 5 € (s1,00),
K=+,—
where
(4.53) gUHE — e (—24% . Tught? 4 ik - V)
and
(454) CH,k—l—Q — esao ((SH . Al-i . Zv . Al-i + qn) ulg,k+2 + ¢uaﬁ,k+2> )
Upon using that
1
(4.55) €+ CF > Slef - I 6. e,

we infer from (4.52) that
56) > €[ < C (50T, 05, @,0) + ) 42 D0 ([
K=+,— R=+,—

Further, we have
(4.57) l¢=+42 g, < C (Hesao (8% A% =iV - A* 4 ¢%) |1 + He“%Hiz(m)

S C (S_%hs(Aiv qia q)v Qb) + M1 + ﬂ’2> y
by (4.50) and (4.54), whereas (4.53) yields

2 2

_|_

2
Hfﬂ:,kz-i-Q HLQ(Q) =4 .

+ k42
eSWAT VT ’

k+2
e - Vug ™" ‘

L)’

since A* and ® are real-valued. Inserting this and (4.57) into (4.56), we get forall k = 1,. .., 3d,

w2 K k42
e* A" - Vg’ + |[e*D - Vuy

2

S C (Si%hs<Aiaqi:qD7¢) + M1 + 2 + ,uk+2) y S S (Sla OO)

Summing up the above estimate over £ = 1, - - - , 3d and applying (4.51), we find that

(4.58) Dl A% e + €072 0
K=-+,—
3d+2
<C <s—zhs<Ai,qi,<1>,¢> +y uk> , 5 € (s1,00).

k=1
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Step 3. Last, we combine (4.55) where £ = €52 (¢= — iV - AF) and ( = e**S* . A%, with the
estimate [|e**0S™ - A*[| 1 ¢y < 2M|[|€%0 AT 12 4, We get

e (= iV - A5) 2

SC(HG OA:tHLQ(Q)d_I_He O(S:t.Ai_ZV.Ai—i_qi)H[g(Q))7 S (817OO>'
This, (4.50), (4.58) and the following identity

le2(g* =iV - 49| = 6" Loy + 1€V - A% Lo

arising from the assumption that A* and ¢* are real-valued, yield

3d+2
S 2 SO 2 -1
He Oqi”LQ(Q) + ||6 V- AiHLz(Q) <C (S QhS(Ai7qi)q)7¢) + kz Mk) ; S € (817 OO)
=1
Putting this together with (4.47), (4.50) and (4.58), we find
3d+2
ho(A*,¢", @,0) <C (s2bs(z4i,qi,<1>,¢) + m) , 8 € (s1,00),
k=1
which entails that
3d+2

(4.59) hs(A*, ¢5,®,0) < C

(]

HE, S € (32700)7
1

B
-
Il

where s, € (s1,00) is taken so large that 1 — C's, 2 > % Finally, recalling (4.50) and using that

sap(x) s072(0) (M) _eAK) > 6sZ_2((])(1—e”()

e =e , €8, s € (0,00),

in accordance with (3.29)-(3.31), we end up getting the desired result directly from (4.59).

4.3. Proof of Lemma 4.1. With reference to (3.38) and (4.43)-(4.44), we have
< Ve (A%, % ug) + T(£®,¢,u), s € (0,00),

HesaongB(Q)
with
‘/Si (Aia qia u0i>
<2l A% o o (1995 | e gy M1 | pey) + €09 = A% gy 165
+ e g oo 115 ]| 1o

<Clld g ey (€70 A% | ooy + 7% - A% 2y + 1€ | 2y )
and

(&, 6,u3) <™ Bl o Vo | s + 1€l gy 153 | e

SHU(:)FHWLOO(Q) <||esaocbl|L2(Q)d + ||esa0¢||L2(Q)> :
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This entails that
(460) Hesaov(:)tHLQ(Q) S C (Hu(:)tHWLoo(Q) + HUSFHWLoo(Q)> hs(Aia q:t? (I)7 ¢)1/2a s € (07 OO)

Let us denote by Jx = (0;7;),, -, the Jacobian matrix of X = (z;)1<j<n € H'(Q,RY) and

by Dig = (azzj“ac)lgi,jﬁn

direct computation that
(461) ¥ (Vss (A%, q*)u) =2 (T4 Vuf +D2AT) 4 (iV - A% = §* - A% — %) Vug
+uy (IV(V - AF) — Jge AT — J 42 8F — Vg¥)

the Hessian matrix of u(jf. Then, with reference to (3.36) we get through

and that
(4.62) V (O(£2, ¢)uf) = £JsVuf + D%@ +ug Vo + oVug.
Further since
Vo =i (V (Vs (A%, ¢ )ug) — V (0(£D, 9)uf) ) ,

according to (3.38), we deduce from (4.61)-(4.62) that
(4.63) Vg = —i (5 + g%),
where
4.64) 5= —2iD2 AT + (8% AT — iV A% 4 ¢%) Vug +uglss AT £ D2 @ + 6Vug
and
(4.65) g = =200+ Vug +ug (JaS* —iV(V - A%) + V¢F) £ I Vug +u Vo.
Moreover, we have
(4.66) ”‘gsaofiHL?(Q)d <C <Hu(jJEHW2aoo(Q) + HUOqEHWZOO(Q)) ha(A*, ¢*, @,¢)"
from (4.64) and

”‘gsaogium(g)d

<C (HuatHWLOO(Q) (Hesao"ﬂf‘iHL?(Q)n2 + Hesaov(v ' Ai)HL2(Q)d + HesaovquL2(Q)d>

I ey (e Boll s + 1€Vl sz
from (4.65). Using that

V(V - Ai)(x)|+igaxd2 (|0:AF (2)] +0:05 (2)]) < M (|V.A%(2)] + | A% ()] + |2=(2)]) , z € Q

and
Vg™ (z)| + [V (x)] < M (|g7(2)] + |¢* (2)

by assumption, we infer from the above estimate that

(467) Hesaogi”Lz(Q)d <C (Hu(:)tHWLOO(Q) + Hu(q):HWLoo(Q)) hs(Ai7 qia (I)v ¢)1/2'

),xEQ,
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Finally, keeping in mind that
v5 Yoy — vy Vo = 20 (Im (o5FF) + Im (15°9%)) .

according to (4.63), the desired result follows from (3.34) and the estimates (4.60) and (4.66)-
(4.67).

Appendix A. The magnetic Dirichlet Laplacian

For A € L>=(£,R?), we consider the sesquilinear form
a(u,v) = / Vau(z) - Vav(z)dr, u,v € Hy(Q),
Q
where we recall that V 4 stands for the magnetic gradient operator V +i4, and we denote by —AZ
the linear operator generated by a in L?(2).

Lemma A.1. The magnetic Dirichlet Laplacian —AY is self-adjoint in L*(). Moreover, when
A € WH(Q) the operator —AR acts as —A 4, defined in (1.2), on its domain

D(—=AL) = HI(Q) N H*(Q).
Proof. For all u and v in H} (€2, we have
Ja(u, )] < 201+ || Al @) 1l oy 101 1

hence a is continuous on H}((2). Further, for all u € H}(2) such that v — a(u,v) is continuous
in H} () for the usual topology of L?*(€2), we set —ALQu = f,, where f, is the unique vector in
L?(2) given by the Riesz representation theorem, such that

G(U,U) = <fu>U>L2(Q)7 (S H(}(Q)
Moreover, since
2 2 2

HVAUHL2(Q)d = HVUHLQ(Q)d + HAUHLz(Q)d - QHVUHLQ(Q)dHAUHLQ(Q)d

2
VUl )

- 2
the sesquilinear form a is H'({2)-elliptic with respect to L?(2), in the sense that we have

2
— [[Aul[72qa, v € Hy(9),

1
2 2
a(u, u) + Mullpz) 2 5l @), v € Hy(),

with A\ = ||A||ioo(9)d + 3. Therefore, —A% is densely defined in L*($2). Finally, since I" is C*? the
domain of —AZ% is H}(Q) N H?(R), see e.g. [5, Section 2]. O
Appendix B. Relatively bounded perturbation

The following technical result establishes that first order differential operators are relatively
bounded with respect to the magnetic Dirichlet Laplacian.

Lemma B.1. Let A € L>=(Q, RY). Then for all ® € L>°(Q, RY), the operator ®-V is AR -bounded
with relative bound zero.
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Proof. Using that
®-Vu= -Vyu—i(®  Au, uec H(Q),
we get for all u € H}(Q) N H?(Q) that

2 2 2 2 2
| - VUHLQ(Q) <2 (H‘I’HLOO(Q)dHVAUHLQ(Q)d + - AHLOO(Q)HUHL2(Q))
2 D 2 2 2
< 2 (1011} ey (— AR, w120 + [P0 e gyl A @l o))

where (-, -)72(q) denotes the usual scalar product in L?(€2). Therefore, by applying successively
the Cauchy-Schwarz and Young inequalities, we find that

2 2 2 2 2
|- vU||L2(Q) <2 (”q)HLN(Q)dHAQUHJy(Q)Hu||L2(Q) + ”(I)HLOO(Q)dHAHLOO(Q)dHu”LQ(Q)>

2 2
< EHAZUHLQ(Q) + Cellullzzq), € € (0, 1),
where C, = ’|®Hioo(ﬂ)d (e_l ||<I>||ioo(9)d + 2||A||ioo(md> , which entails the result. O

References

[1] L. Baudouin, J.-P. Puel, Uniqueness and stability in an inverse problem for the Schrodinger equation, Inverse
Problems 18 (2002), 1537-1554.
[2] M. Bellassoued, Stable determination of coefficients in the dynamical Schrédinger equation in a magnetic field,
Inverse Problems 33 (2017) 055009 .
[3] M. Bellassoued, M. Choulli, Stability estimate for an inverse problem for the magnetic Schrodinger equation
from the Dirichlet-to-Neumann map, J. Funct. Anal. 91 (2010), no. 258, 161-195.
[4] A.L.Bukhgeim, M. V. Klibanov, Global Uniqueness of a class of multidimensional inverse problems, Sov. Math.
Dokl. 24 (1981), 244-247.
[5] T. Cazenave, Semi-linear Schrodinger equations, Courant Lecture Notes, Vol. 10, AMS & Courant Institute of
Mathematical Sciences, 2003.
[6] M. Choulli, Y. Kian, E. Soccorsi, Stable determination of time-dependent scalar potential from boundary mea-
surements in a periodic quantum waveguide, SIAM J. Math. Anal. 47 (2015), no. 6, 4536-4558.
[7] M. Cristofol, E. Soccorsi, Stability estimate in an inverse problem for non- autonomous Schrédinger equations,
Appl. Anal. 90 (2011), no. 10, 1499-1520.
[8] F. Dou, M. Yamamoto, Logarithmic stability for a coefficient inverse problem of coupled Schrodinger equations,
Inverse Problems 35 (2019), no. 7, 5006
[9] X. Huang, Y. Kian, E. Soccorsi, M. Yamamoto, Carleman estimate for the Schrodinger equation and application
to magnetic inverse problems, J. Math. Anal. Appl. 474 (2019), no. 1, 116-142.
[10] Y. Kian, E. Soccorsi, Holder stably determining the time-dependent electromagnetic potential of the Schrodinger
equation, SIAM J. Math. Anal. 51 (2019), no. 2, 627-647.
[11] M. V. Klibanov, Carleman estimates for global uniqueness, stability and numerical methods for coefficient inverse
problems, J. Inverse I11-Posed Probl. 21 (2013), 477-560.
[12] A.Khrabustovskyi, I. Rassas, E. Soccorsi, The inverse problem of two-state quantum systems with non-adiabatic
static linear coupling, Preprint Comm. Cont. Math. 23 (2021), no. 4, 2050002.
[13] S. Liu, R. Triggiani, Global uniqueness in determining electric potentials for a system of strongly coupled
Schrodinger equations with magnetic potential terms, J. Inv. Ill-Posed Problems 19 (2011), 2237254.
[14] G. Nakamura, Z. Sun, G. Uhlmann, Global identifiability for an inverse problem for the Schrodinger equation in
a magnetic field, Math. Ann. 303 (1995), no. 3, 377-388.
[15] G. Yuan, M. Yamamoto, Carleman estimates for the Schrodinger equation and applications to an inverse problem
and an observability inequality, Chin. Ann. Math. Ser. B, 31 (2010), 555-578.



STABILITY ANALYSIS OF INVERSE PROBLEMS FOR COUPLED MAGNETIC SCHRODINGER EQUATIONS 21

[16] M. Reed, B. Simon, Methods of Modern Mathematical Physics; Vol. 2 : Fourier Analysis, Self-adjointness,

Academic Press, 1975.
[17] J.-L. Lions, E. Magénes, Problemes aux limites non homogenes et applications, Vol. 2, Dunod, Paris, 1968.

UNIVERSITY OF SOUSSE, ESSTHS , LAMMDA , TUNISIA
E-mail address: hamrouni.mohamed4@gmail.com

UNIVERSITY OF SOUSSE, ESSTHS , LAMMDA , TUNISIA
E-mail address: moez .khenissi@essths.u-sousse.tn

CPT, AIX MARSEILLE UNIV, UNIVERSITE DE TOULON, CNRS, MARSEILLE, FRANCE
E-mail address: eric.soccorsiQuniv—amu. fr



