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‘We consider the inverse problem of determining the coupling coefficients in a two-state
Schrodinger system. We prove a Lipschitz stability inequality for the zeroth- and first-
order coupling terms by finitely many partial lateral measurements of the solution to
the coupled Schrédinger equations.
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1. Introduction

Let ©Q be a bounded domain of R™", n € N = {1,2,...}, with smooth boundary
I = 99Q. Given T € (0,+00), we consider the following initial-boundary value
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problem (IBVP) for the coupled two-state Schrédinger equations in the unknowns
ut = ut(z,t):

—i0ut — AuT +q¢TuT+ A - Vum +pu” =0 inQ=0Qx(0,7),

-0~ —Au” +qum —A-VuT +put =0 inQ, a1
1.1

ut(,0) =ud, u (-0)=1uy in Q,
ut =g, uw =g~ on X =T x(0,7),
+

where ug and g* are suitable initial states and Dirichlet boundary conditions,
respectively. Here, A : Q@ — R", p: Q — R and ¢* : Q — R are all real-valued.
In this paper, we are concerned by the stability issue in the inverse problem of
determining the unknown functions A, p and ¢ from a finite number of local
boundary measurements of the solution to (LLTI).

The IBVP (1)) describes the dynamics of a two-state (or two-level) quantum
system. This terminology is justified by the fact that the quantum system modeled
by () can exist in any superposition of the two independent (in the sense that
they can be physically distinguished) states u*. As a matter of fact, particles such
as electrons, neutrinos or protons, are fermions, and they have a two-state quantum
mechanical label called spin. In Quantum Mechanics, the spin is an intrinsic form
of angular momentum carried by elementary particles and the spin of fermions is
half-integer. Namely, the electron is a spin-1/2 particle, i.e. the spin of the electron
can have values h/2 (spin up) or —#/2 (spin down), where £ is the reduced Planck
constant. Note that for the sake of simplicity, the various physical constants appear-
ing in (1)), such as A, the mass of the particle or its charge, are all taken equal to 1
in this text. In (II)), the dynamics of the two states u* are bound together through
non-adiabatic linear coupling puT + A - VuT, see [I7] and the references therein for
the relevance of non-adiabatic processes in physics or reactive chemistry. Gradient
coupling appears also naturally in quantum fields theory (see [II, 2I]) or quantum
cosmology (see [11L[7]), and it can sometimes be seen as a first-order approximation
of nonlinear coupling (see [24]).

1.1. What is known so far: A short bibliography

There is a wide mathematical literature on inverse coefficient problems for the
dynamic Schrodinger equation. Without trying to be exhaustive, one may mention
[4 3L @, ©, 15]. In all these papers, an infinite number of boundary observations
of the solution is required, but in [2| [25], the real-valued electric potential of the
Schrédinger equation is Lipschitz stably retrieved from a single partial boundary
measurement. This result was improved in [20] to smaller partial measurements
and extended in [I2] to complex-valued electric potentials. The method used in
[2, 25 20} [12] is based essentially on an appropriate Carleman estimate. We refer
to [12] 23] 28] for actual examples of this inequality for the Schrédinger equation.
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The idea of using a Carleman estimate for solving inverse problems first appeared in
Bukhgeim and Klibanov [8]. Since its inception in 1981, this technique has then been
widely and successfully applied by numerous authors to parabolic or hyperbolic
systems, to the dynamic Schrodinger equation, and even to coupled systems of
PDEs. See [16] and references therein, for a complete review of multidimensional
inverse problems solved by the Bukhgeim—Klibanov method.

Note that in [2], 25, 20, [12], the data are measured on a part of the boundary
that fulfills a geometric condition related to geometric optics condition insuring
observability. This condition was relaxed in [4] for a real-valued electric potential,
under the assumption that the potential is known in the vicinity of the bound-
ary. We refer to [I3] 14, 5] for the same type of inverse problems but stated in an
infinite cylindrical domain. The problem of stably determining the space varying
part (respectively, static) magnetic potential of the autonomous (respectively, non-
autonomous) Schrodinger equation is treated in [I0] (respectively, [12]). In both
cases, the nth-dimensional unknown magnetic vector potential, n > 1, is recovered
from n partial Neumann data, obtained by n-times suitably changing the initial
condition attached at the magnetic Schrodinger equation. All the above-mentioned
papers are concerned with the “one state” Schrédinger equation. In [19], the authors
show unique determination of the static electric coupling potential in a two state
magnetic Schrodinger equation, by one partial measurement of the solution. Other-
wise stated, assuming that the gradient coupling potential is known, [19] claims that
knowledge of one partial Neumann data uniquely determines the scalar coupling
potential. In this paper, the framework is the same as in [19] but with uniformly
zero magnetic field, and we investigate the stability issue in the inverse problem of
identifying both the electric and the gradient coupling potentials, by finitely many
partial boundary observations of the solution.

1.2. Notations

Throughout the entire text, x = (z1,...,2,) is a generic point of Q and we set
2 2
0; = % and 07, = #8% for all i,j = 1,...,n. We write §? instead of 8‘1? and

as usual, A denotes the Laplace operator, i.e. A = 97 + -+ + 92. Next, for any
multi-index k = (ky,...,k,) € Nj, where Ng = {0} UN, we put |k| = k1 + -+ ky
and 9F = 9" ... 9%~ . Similarly, we write d; = %.

Further, the symbol - denotes the scalar product in C™, m € N, and |[¢| = /¢ -
for all ¢ € C™. For any row vector a = (a1, az, . . ., a,,) we write a’ for the transpose
of a in such a way that V = (d1,...,0,)7 is the gradient operator with respect
to x. Further, V- denotes the divergence operator and we set d,u = Vu - v, where
v is the outward normal vector to the boundary T'.

Let us now introduce the following functional spaces. For any manifold X, we set

H™ (X x (0,T)) = L*0,T; H"(X)) N H*(0,T; L*(X)), 7,5 >0,
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where H*(X) denotes the usual Sobolev space on X of order s. For the sake of
notational simplicity, we write H™*(Q) (respectively, H™*(X)) instead of H™*(Q2 x
(0,7)) (respectively, H™*(T' x (0,T))). The space H™*(X x (0,T)) is endowed with
the norm || . ||H7‘,5(X><(O,T)) = || . ||L2(O)T;H7‘(X)) + H . ||H5(O,T;L2(X)) and we recall
from [I8, Sec. 4, Theorem 2.1] that for all w € H™*(X x (0,T)), r,s > 0 and all
(4, k) € N§ x Ng such that 1 — % — £ >0, we have

. i| ok
D0k € H™ (X x (0,T)) with © =Y -1l _F (1.2)
r s s s
and the estimate
|‘6iat]€u||Hﬂ)v(Xx(o,T)) < lull s (x x 0,17))- (1.3)

1.3. Main results

Prior to examining the inverse problem under consideration in this paper, we treat
the well-posedness issue for the IBVP (II]). Let N be the unique natural number
satisfying

n+2 n+2

1 2|.
Lt

Nenn

Then we have the following existence, uniqueness and regularity result for the solu-
tion to the IBVP ().

Proposition 1.1. Assume that T is C?*N*tY and pick M € (0,400). Let A €
W2N+Loo(Q R™) werify V- A = 0 a.e. in Q and let p € W2N+L2(Q R) and
gt € W2N+Leo(Q R) be such that

| Allw2v+1.00(yn 4 [pllwen+r.oe ) + 67 [wen+r00) + lg7 lwevst.00 (o) < M.

Then, for all g = (g7,97)" € HXWHT/ONFT/4N2 and all ug = (ug,ug)? €
H2N+3(Q)2, fulfilling the following compatibility conditions

—A4qt A-V+p

¢
ug on I''¢=0,...,N, (1.4)
—A-V+p-Adq

d;g(-,0) = ()" (
the IBVP () admits a unique solution u = (ut,u™)T € WH>°(0,T; W1>(Q)?).
Moreover, there exists a positive constant C, depending only on Q, T, M, ug and g,
such that

|l w0 0,75 1.00 ()2) < C. (1.5)

One can see that rather strong regularities are assumed in Proposition [}, on
the data ug and g, and on the coefficients A, p and ¢*, of the IBVP (I.1]). These
hypotheses (and the corresponding compatibility conditions (L)) are only suffi-
cient conditions for getting a suitably smooth weak-solution to (1), as required
by the main result of this paper, stated in Theorem Of course, Theorem
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could be established independently of Proposition [T, under the indirect assump-
tion that the solution to (L)) is sufficiently regular. But in doing so we could not
guarantee that the result of Theorem [[.2] is applicable to some two-level quantum
system.

As a preamble, we introduce the sets of admissible unknown coefficients A,
p and ¢*. To this purpose, for M € (0,+00), Ag € W2N+L2(Q R") and ¢ €
W2N+Loo(Q R), we define

(i) the set of admissible unknown gradient vector potentials as
Anr(Ag) = {A € WNHL=(QR™), [|Allwan+1.00(pn < M,
V-A=0and 9¥A = 9%Ap on T, |k| < 2(N — 1)},
(ii) and the set of admissible unknown electric potentials as
Onlg) ={q€ W2N+1’OO(Q,R), HqHW2N+1,oo(Q) < M and
05q = 05qo on T\ [k <2(N — 1)}
Next, po and i being fixed in W2N+1:%°(Q, R), the main result of this paper is as

follows.

Theorem 1.2. Assume that T is C2N+V and for j = 1,2, let A; € An(Ao),
p; € Qum(po) and q]j-E € QM(qSE). Then, there exist a sub-boundary T'. C T, and
n+ 2 initial states uf = (ug ™, ug )T € H2N+3(Q)2 and boundary conditions g% =
(gHk, g=F)T € HXNHT/ANET/ASY2 | = 1,... 0+ 2, fulfilling the compatibility
conditions

~A+q5  Ao-V+po

4
B ug onl', £=0,...,N,
—on—i—po _A+qO

079" (-,0) = (=1)f (

(1.6)
such that we have
[ A1 = A2||72i)n + P2 = p2lT2(q) + 167 — &3 I72() + lor — a2 720
n+2
<CY (10,007 " = 0,00u5 M| 725,y + 1000y = 0,00u3 T2 (5.,
k=1

for some positive constant C, depending only on Q, T, M and (uoi’k,gi’k) for
k=1,...,n+2. Here, we have set X, = T, x (0,T) and uf = (uj’k,uj_’k)T, for
j=12andk=1,...,n+2, is the solution to (ILT) given by Proposition [Tl where

(Aj,p;, q]i,uoi’k,gi’k) is substituted for (A, p, q*,uT, gF).
Theorem [[2] claims Lipschitz stable recovery of n+ 3 unknown functions (p and
¢* and the n components of A) by n + 2 local boundary measurements of the

solution u = (u*,u™) to (LI)). Bearing in mind that A is divergence free and
that its trace on I' is prescribed, this amounts to saying that n + 2 unknown scalar
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functions can be stably retrieved by the same number of local Neumann data. From
this viewpoint, the result of Theorem is thus optimal.
Further, we point out that Theorem applies in particular for any sub-
boundary I'y C I' obeying the geometric condition
{z €T, (x —x)-v(z) >0} CT.

for an arbitrary zo € R™\Q. We refer to Assumption 3.1l and Remark B2in Sec. 311
for more details on this specific matter.

1.4. Outline

The derivation of Proposition [Tl can be found in Sec. [2] while Sec. Bl contains the
proof of Theorem[I2l Finally, several technical results used for establishing that the
elliptic part of the Schrodinger equation (1)) is self-adjoint in L2(£2)?, are collected
in the appendix.

2. Analysis of the Direct Problem

In this section, we prove Proposition [I1]

2.1. Preliminaries: Self-adjointness and basic regularity

2.1.1. Self-adjointness

In this section, we assume that T' is C?, that A € L>°(Q,R") is gradient free, i.e.
that V- A =0 a.e. in Q, and that p € L>®(,R) and ¢& € L>=(Q, R).

Let AP denote the Dirichlet-Laplacian in L?((2), with domain Dy = H(Q) N
H2(Q). Since T is C? then it is well known that AP is self-adjoint in L%(Q). As a
consequence, the operator

APy = (APuT APu)T, w=(u",u)T € DE,

is self-adjoint in L?(2). Put

. 0 A 0 + 0
A= Ca=( ") and g=(° .
—A 0 p 0 0 q

Since p € L>(£, R) (respectively, ¢=L>°(£2, R)) then the multiplication operator by
P (respectively, G), defined by pu = (pu~,pu™)T (respectively, Gu = (¢-ut,q u™)7T)
for all u = (ut,u™)T € L?(Q)?, and denoted by p (respectively, §) is symmetric in
L?()2. Similarly, since V - A = 0, then we infer from the Stokes formula that the

operator

A-Vu=(A-Vu,-A-Vu")T, u= " u)" e H}(Q)?,
is symmetric in L2(Q2)? as well (see Appendix A). As a consequence, the operator
A-V + p + g, with domain Hg(2)?, is symmetric in L?()%. Moreover, we know
from Appendix B that A - V + p + ¢ is AP-bounded in L?(Q)2, with relative
bound zero: For any € € (0, 1), there exists C. > 0, depending only on ¢, ||Al| o (q),
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Dl 2 (o) and [[¢* ||z (q), such that

I(A-V 45+ Dull e < lAPull 2 + Cellull oy, € DR,
Therefore, the Kato—Rellich Theorem (see [22] Theorem X.12]) yields the following.
Lemma 2.1. Assume that T is C%, that A € L*(Q,R") fulfills V-A = 0 a.e. in §,
and that p € L>®(Q,R) and ¢* € L*®(Q,R). Then the operator H(A,q*,p) =

—AP 4 G+ AV + p, with domain D(H(A,q*,p)) = D3, is self-adjoint in
L2(2)2.

Otherwise stated, H(A,q*,p) is the self-adjoint realization in L2?(2)? of the
formal operator acting in (C§°(Q)2), H(A,q*,p) = —A + G+ A -V + p, endowed
with homogeneous boundary conditions on I'. We point out for further use that
u = (ut,u™)7T solves (LLI) may be equivalently rewritten as u is solution to the

IBVP
—i0wu +H(A, ¢, p)u=0 inQ,
u=g on X, (2.1)
u(+,0) = ug in Q.

2.1.2. FExistence, uniqueness and basic reqularity result

In this section, we establish the following existence and uniqueness result by adapt-
ing the analysis carried out in [I2] Sec. 2] to the coupled system (LI]).

Lemma 2.2. Assume that T', A, p and ¢& are the same as in Lemma 21l Then,
for all g = (g%, 97)" € H/2T/4(2)? and all ug = (ug ,uy)T € H3(Q)? such that

9(,0)=ug onT, (2.2)

the IBVP () admits a unique solution v = (ut,u™)T € H>1(Q)? to ([I).
Moreover, there exists a constant C, depending only on 2, T and M, such that

HUHH2,1(Q)2 < C<||UOHHS(Q)2 + Hg||H7/2,7/4(E)2). (2.3)

Proof. Since g € H™/27/4(%)? and vy € H3*(Q)? fulfill @), then, by virtue of
[18, Sec. 4, Theorem 2.3], there exists G = (GT,G™)T € H*?(Q)? such that G = ¢
on ¥ and G(-,0) = ug in . Moreover, we have
1Gllra2Q)2 < Cllluoll sz + N9l grr2r/acs)2), (2.4)
for some constant C' > 0, depending only on €2, T and M.
Evidently, v = (u™,u™)7 is solution to (L)) if and only if v = u — G = (ut —
GT,u~ — G7)T is solution to the following Cauchy problem
—idw + H(A, g5, pv=f inQ,
v(+,0)=0 in
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where f = (f*, )T = —(—id, — A + §)G. Further, with reference to [I8, Sec. 4,
Proposition 2.3] we have ;G € H*>'(Q)? with [|0:G| g2z < C|G|maz:,
whence f € HY(0,T; L?(2)?) and
||f||H1(O,T;L2(Q)2) < C(HatGHHzl(Q)z + ”GHH21(Q)2) < CHG||H4,2(Q)2. (26)
Moreover, since the operator —iH(A,q*,p) is m-dissipative in L2(Q)2, by
Lemma 211 we deduce from (Z3)) upon applying [0, Lemma 2.1] (with X = L?(Q)?,
U = —iH(A, g%, p) and B = 0) that there exists a unique solution v € H>1(Q)?
to (), such that
vl 21 (@2 < Cllfllm0,7:22(0)2)-
Finally, bearing in mind that « = v + G, we obtain ([Z3]) by combining the above

estimate with (24) and (26]). O

Armed with Lemma 2.J] we may now seek higher regularity for the solution to
the IBVP (LI)) upon imposing more restrictive conditions on I', A, p, ¢&, ug and g.

2.2. Improved regularity and proof of Proposition 1.1l
2.2.1. Improved reqularity result

The statement we are aiming for can be formulated as follows.

Lemma 2.3. Fizm € Ny and assume that T is C*" 1) Let A € W?m+1o0(Q R?)
verify V- A =0 a.e. in Q and pick p € W?MTL2(Q R) and ¢& € W2m+L>o(Q R)
i such a way that

| Allwzm+1.00 (@yn + [Pllwzmroo@) + 117 [wemtr.oo @) + [la7 [lwamsr.e @) < M,

for some a priori fized positive constant M. Then for all ¢ = (g*,g7)" €
HAmATOmA /42 and all ug = (ud,uy )T € H*™+3(Q)? fulfilling the compati-
bility conditions

8fg(-,0) = (—i)ZH(A,qi,p)éuo onT', £=0,...,m, (2.7)

there exists a unique solution u € (\h' H™+1=4(0, T; H*(Q)?) to (). Moreover
u satisfies the estimate
m+1

Z 1wl m+1-e 0,120 (02)2) < C([luoll gam+s ()2 + ||9HH2(’"+7/4)’7"+7/4(E)2)7
£=0

(2.8)

where C is a positive constant depending only on Q, T and M.

Proof. We will prove the result by induction on m € Nj.

(1) Base case. We first consider the case m = 0. Since the compatibility conditions
@) with m = 0 reduce to Z2) (as we have (—i)? = 1, 82¢(-,0) = g(-,0) and
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H(A, ¢F,p)° is the identity operator in L?(£2)2, by convention), then the claim of
Lemma follows readily from Lemma

(2) Induction step. Let us suppose that the claim of Lemma holds for some
m € Ny. We shall prove that it is still true for m + 1, provided I' is C?™+3,
A € Wnt3oo(Q R"), ¢F € W2mH3(Q R), p € W2m+3°(Q R) and (g,up) €
H2(mA1L/4),mA11/4(53)2 5 [72m+5 ()2 verify the compatibility condition (27) where
m + 1 is substituted for m, i.e.

dtg(-,0) = (—i)"H(A,¢=,p)'ug onT, £=0,...,m+1. (2.9)

Let u denote the (5" H™1=¢(0,T; H*()?)-solution to (ZI)), satisfying
[23). Then upon differentiating 21I) with respect to ¢, we see that z = dyu solves

—i0iz + H(A, ¢, p)z=0 inQ,

2 =0g on X, (2.10)
z(+,0) = zo in Q,
with zg = —iH(A,q5,p)ug € H*™3(Q)2. Moreover, we know from ([Z) that

Org € H2m+7/9:m+T7/4(5)2 and from () that
9/ (9e9)(-,0) = 97 g(-, 0) = (i) T H(A, ¢, p) ug
= (=)"H(A, ¢F, p)iz0, €=0,...,m.
Therefore, we have z € (5! H™+1=4(0, T; H2¢(Q)?) and

m+1
Z ”ZHH"L*l*Z(O,T;H”(QP) S C(HZ()||H2m+3(Q)2 + ||atg||H2(m+7/4),m+7/4(2)2)
(=0
< Clluollgzm+s ()2 + gl gaomt11/a.mr11/a(sy2),
(2.11)

by induction hypothesis (and from the estimate |[|0igllg2cntr/amirsaimyz <
91l r2em+11/2).m411/4(5)2, arising from (L3J)). Since u € OL B =40, T,
H?%(©2)?), then this may be equivalently rewritten as

m+1
we () H™740,T; H*(Q)?) (2.12)
=0
and we infer from (Z8)) and (ZII) that
m+1
Z HUHHm+2*f(0,T;H2f(Q)2) < C(HUO||H2m+5(sz)2 + ||9HH2<m+11/4>,m+11/4(2)2)-
=0

(2.13)
Thus, we are left with the task of showing that v € L(0, T; H*™+2)(Q)?) and that

H’UJHLz(O,T;Hz(erz)(Q)z) S C(HUO||H2m+5(Q)2 + Hg”H2(m+11/4),m+11/4(2)2).
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This can be done by applying the elliptic regularity theorem twice. Indeed, for a.e.
t € (0,7T) we infer from (21I) that u(-,t) is solution to the following elliptic system:

{Au(-,t) =h(,1) inQ, (2.14)
u(-,t) = g(-,t) on L',

where h(-,t) = —iz(-,t) — Gu(-,t) — A - Vu(-,t) + pu(-,t). As h(-,t) € H>"+1(Q)?
and g(-,t) € H2mH/4()2 ¢ H?™+5/2(T)2 then we have u(-,t) € H*™3(Q)? by
the elliptic regularity theorem, with

[u( Dl gomss @)z < CURC Ollzmrr @2 + 19¢ Dl rom+s/2(ry2)
< C(”Z(, t)HH2m+1(Q)2 + Hu(, t)HH2m+2(Q)2

+ ||g(',t)HHz(m+11/4)(F)2). (2.15)
Therefore, it holds true that h(-,¢) € H*™+1(Q)? for a.e. t € (0,T). Moreover, as
we have g(-,t) € H>mH1/9(T)2 ¢ H?™+7/2(T")2, then another application of the
elliptic regularity theorem yields u(-,t) € H*™*2)(Q)? and

lu(, )l 2o ()2 < CUAC Ol pensn @2 + [19C Dl gamar/z(r)2)
< C(lzCs )l gaemrn (2 + lul, )] zmes(q)2

+1gC Ol graoms11/0 (12 )-

Putting the above estimate with ([215]), we end up getting that
[u( Dl raemsa @) < Cl120 )| 2mrn @)z + 1wl Dl 2o ()2

+ ||g(',t)HHz(m+11/4)(p)2). (216)
Further, since uw and z are in L2(0,7; H*™*+Y(Q)2) and since g ¢
L2(0,T; H*m+1/9(T)2) we infer from @I0) that u € L2(0,T; H>"+2)(Q)?)
verifies

HUHL2(O,T;H2<m+2)(ﬂ)2) < C(HUHHl(O,T;Hz(m“)(Q)Z) + ||9HL2(O,T;H2<7"+11/4)(F)Z))'
In view of (23] this entails that
||U||L2(0,T;H2<m+2>(9)2) < C(||U0|\H2m+5(sz)2 + H9||H2<m+11/4)vm+11/4(2)2)7
which, together with (212)) and ([2.I3)) yield the statement of Lemma 2.3 for m + 1.
O

Having established Lemma 23] we turn now to proving Proposition [Tl

2.2.2. Proof of Proposition [IL1]

We apply Lemma 23] with m = N and get a unique solution u to (IZI) within the
space H?(0,T; H*N=1()?). Since 2(N — 1) > 2 + 1 from the very definition of
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N, then u € Wh*°(0,T; W1°°(Q)?) by the Sobolev embedding theorem. Moreover,
23) yields

[ullwro 0.0 wree @2) < ullg2(o,rm20v -1 ()2

< Clluollz=r+s@yz + gl maovsr/anr/acs)2),

for some constant C' depending only on €2, T"and M. This proves the desired result.

3. Analysis of the Inverse Problem

This section contains the proof of Theorem [I.2

3.1. Preliminaries: Carleman estimate and all that

In this section, we establish in Corollary [3.4] a weighted energy estimate for the
Schrodinger equation, which is the main tool used in the derivation of Theorem .2
This inequality is a byproduct of the global Carleman estimate for the Schrodinger
operator of [2| Proposition 1], that we recall in Proposition 33l In order to state
this inequality, we consider a function g e C*(Q,R,) and an open subset I', C T
fulfilling the following conditions:

Assumption 3.1. (1) There exists a constant ¢ > 0 such that the estimate
|V3(z)| > ¢ holds for all z € Q;

(2) 8,8(x) = VA3(x) - v(z) < 0 for all z € INT,, where v is the outward unit
normal vector to T';

(3) There exists A; > 0 and e > 0 such that A|V3(z) - ¢|? + D?*3(x,¢,¢) > €[¢|?

for all ¢ € R", z € Q and A > Ay, where D23(z) = (5520);<; <, and

D?3(x,¢,¢) denotes the R"-scalar product of D?3(z)¢ with C.

Remark 3.2. We stress out that there exist actual 3 and T, satisfying Assump-
tion Bl As a matter of fact, for all 2o € R™\Q fixed, this is the case of the
function ((z) = |z — x0|? and any open subset I', C I containing {z € T'; (x — x0) -
v(z) > 0}.

Next, we put
B(z) = Bx) + | BllLew), e, (3.1)
for some r > 1 and K = || ]| L (q), and we set
27\B(2) .
) L —
o(z,t) T+0T 1) an
(3.2)
MK _ AB(2) R
n($7t) = (fE,t) € Q = x <_T7 T)7

(T+t)(T —t)’

for some A > 0. Further, for all s > 0, we introduce the two following operators

acting in (C§°)"(Q) :
My =i0; + A+ s%|Vn> and My =isn’ +2sVn -V + s(Anp). (3.3)
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It can be checked that M; (respectively, Ms) is the adjoint (respectively, skew-
adjoint) part of the operator e™*"Le®", where L = i0; + A. Then the global Carle-
man estimate borrowed from [2, Proposition 1] is as follows.

Proposition 3.3. Let B and Ty fulfill Assumption Bl let 3, ¢ and n be given by
BI)-B2), and let the operators M;, j = 1,2, be defined by (B3). Then there are
two constants sg > 1 and Cy > 0, depending only on €, T and Ty, such that the
estimate

sle™"VwlTs g + ¥l MwllFa gy + D I1Mje w7 g
j=1,2

< Co(S||e*s77$01/2(ayﬁ)l/Q(Q)ywHiz(i*) + ||€fsan||2Lz(Q)),

holds for all s > so and all w € L*(—T,T; H}(R)) satisfying Lw € L*(Q) and
o,w € LQ(XL), where ¥, = Ty x (=T,7).

As a corollary, we have the following technical result. Its proof can be found in
[12, Sec. 4.1], but for the sake of self-containedness and for the convenience of the
reader, we give it at the end of the section.

Corollary 3.4. Under the conditions of Proposition 33 we have
8—1/2(He—8772||i2(é) + He_snvzHiz(Q)n) + ”e_sn(.’O)Z('v0)”%2(52)
< 2003_3/2(S||€_sn901/2<al/ﬁ)l/2al/2”iz(i*) + He_sanHiz(Q”))v § > 50,

for all z € L*(—=T,T; HX(Q)) fulfilling Lz € L*(Q) and 8,z € L*(%.), where the

constants Cy and so are the same as in Proposition 3.3

Proof. Put w = e *"z. Since lim;_,_pn(x,t) = +oo for all z € Q, then it holds
true that lim;—_7 w(-,t) = 0 in L?(2) and hence

w0l e = |

(=T,0)xQ

O|w(z, t)*dedt = 2R (/
(

(Oyw)w(z, t)d:vdt) .
—T,0)xQ2

On the other hand, we have

R (/ (Mﬂu)@(x,lﬁ)d:ccﬁ)
(=T,0)xQ

=R (/ ((9tw)m(x,t)d:vdt>
(=T,0)x$2
+9 (/ (Aw + 52| Vn|*w)w(z, t)dwdt)
(—=T,0)xQ
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=R (/ (Btw)m(x,t)dxdt>
(=T,0)xQ2
) (/ (|Vw|2 - 32|Vn|2|w|2)(x,t)d:cdt>
(=T,0)xQ2

- R (/ (8tw)w(x,t)d:cdt>,
(=T,0)xQ
whence Hw(.,o)“QLQ(Q) = QS(f(fT)O)XQ(le)@(x,t)d:z:dt). Therefore, we get
||e_s"("0)z('aO)Hiz(sz) < 2| Mywll g2 lwll L2 ()
<52 e gy + IMreT 2] o )

with the help of the Cauchy—Schwarz and Hoélder inequalities. As a consequence we
have

3*1/2(He*5772”2LZ(Q~) + Heisnv'ZHQLz(Q)n) + ”eisn(.’o)z('a O)Hiz(ﬂ)

< 3*3/2(3”6*577VZ”%2(Q)" + 233"675772”%2(@) + ||M1€757]ZH22(Q~))
< 200373/2(3||67577g01/2(3,,ﬂ)1/23,,z||2LQ(2*) + e Lz)305): 5> s0,
by Proposition B3] which is the desired result. O

3.2. Proof of Theorem [1.2]

We start by linearizing the system (IIJ). That is, we denote by u; = (uj,u;),
j = 1,2, the solution to (LII), where (4;, p;, qji) is substituted for (A4, p, ¢%) and we
take the difference of the two systems (1)) associated with j = 1,2. Thus, putting
A=Ay — Ay, p=p1 —p2 and ¢& = ¢f — ¢F, we get that u = (ut,u™)”, where

+ _ ,* =+
u™ =uj — u;, solves

—i0ut — Aut +¢fut = —A; - Vu~ —piu”  in Q,
—A-Vuy —puy —qtug

—i0u~ — Au” +qyu” = Ay - Vut —prut in Q,

(3.4)
+A-Vug —pui —q uy
ut(,0)=0, u (0)=0 in Q,
ut =0, u =0 on X.

Since u* € H?(0,T; L*(Q)) N H*(0,T; H*(Q) N H}(Q)), we can differentiate ([34)
with respect to the time-variable. We obtain that v = dyu = (vT,v_), where
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vt = gw® € HY0,T; L)) N L2(0,T; H2(Q) N H(K)), is solution to the fol-
lowing coupled system:

—iowt — Avt +gfvt = -4 Vo —pivT — A in Q,
-Vowuy — poyuy — q+Oug
—i0wT —AvT g v =A - Vot —prvt+ A4 inQ,

-Vowug — poyuy — q Opuy (3.5)
vt (-,0) = —i(A- Vuy +puy +qug) in €,
v (+,0) = —i(—A- Vud +pu +q ug) in Q,
v = v =0 on X.

)

We extend us on Q by setting ui(z,t) = ui(x, —t) for a.e. (x,t) € Q x (=T,0).
Since u(jf, A, p and ¢* are all real valued, then it is easy to see that the function v,
where v* is extended on Q x (=T,0) as v*(z,t) = —vE(z, —t), is solution to

—idwt — Avt +gfvt = A, - Voo —piv- in Q,
— A-Vouy — pduy — qtOug

—i0w” — AvT gy v = Ay - Vot —prot in Q,

+A-Voud — poud — q~ Oy (3.6)
vt (-,0) = —i(A-Vuy +puy +qtug) in Q,
v (-,0) = —i(—A- Vug +pud +q ug) in Q,
vF =0, v =0 on ¥,

with ¥ =T x (=T, 7).

Let us apply Corollary B4 to v*, where for the sake of notational simplicity we
write u* instead of He‘smpl/z(&,ﬁ)lm&,vi||iz(i*). Then, in light of (34, we get
for all s > sg that

SVl E 12, ) + lle”V0E |2, 50)

+ ||e_577("0)(:|:A . VUBF -|—puO:F + qiua[)H%z(Q)

< 200373/2(”67877"4 ’ vatu;”iz(é) + ||6*577p8tug:”iz(@)

+lle™ =0z I3 ) + lle™*" A1 - VO[3, ) + lle™p1oT |3, o) + s1™)

2 ~
L2(Q)
< 01373/2(|\€7S77A|\i2(9)n + e pllZ 20 + ||€78nqi||iz(@)

e 2 ) + €TV 22 gy + 515%),

2 ~
L*(Q)
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with C; = 2Comax(M?,C?), where C is the constant appearing in Proposi-
tion [l Indeed, in the last line we used the energy inequality (LX), entail-
ing that ||(’“)tu2i||Lw(Q) + HV(’“)tugtHLoo(Q)n < C. Summing up the two above esti-
mates and recalling that e=s7(®t) < ¢=s1(®.0) for all (z,t) € Q then leads for all
s> s1 = max(sg,2C1) to
lle= 70N (—A - Vud + pud +q " ug)ll72(q)
+ e 1A Vug + pug + ¢t ud) 72
< C1 (5722 (le "0 Al T2 (qpn + 77O |72q

+ |\€_S"("0)q+||%2(sz) + ||€_sn("0)q_||%2(sz))

5T (e O G20, 820,07 2, 5

+ Hefsﬂ(',O)spl/?(6,/5)1/28,/U+||iz(i*)))’ (37)

where Cf = 2C4.

Having established (B7), we shall now specify u(jf in order to estimate A, p and
¢*. Namely we probe the system (I)) with n+2 initial states uf = (ug*, ug*), k =
1,...,n+2, that we shall describe in the following, and suitable Dirichlet boundary
conditions g* = (g%, g—*) fulfilling the compatibility condition (6. We proceed
in two steps: In the first one, we describe uf for k = 1,2, while the initial states uf
associated with k = 3,...,n + 2, are defined in the second one. In the sequel, u* =
(ut*, u=k) denotes the solution to () associated with (uf, g%) = (u*, g=+),
we put vF = Gt * and pi (s) = He_s”("o)@1/2(8yﬁ)1/2ﬁyvi’kHi%i*), and we set
fik = b+ -

Step 1. Choose (ug'",ug™') = (0,1) and (ug?, ug"?) = (1,0). Then, taking ui =
ugt’l in B1), we get for all s > s; that

|\€7Sn("0)p”%2(9) + ||€78n("0)q7||2L2(Q)
< 152 2(Jle™ "V Al T2y + le™ 0 Opl|72 (0
+ |\6_Sn("0)q+||%2(sz) + ||€_sn("0)q_”%2(sz) + spa),

whereas with uOi = uoi’2, we obtain

|\675n("0)q+”%2(9) + Hefsn("O)PH%%Q)
< 01373/2(|\€75n("0)AH%2(Q)n + |\€7S"("O)p|\%2(n)
+ Heisn(.’o)qu”%g(Q) + ||67Sn(.’0)q7”%2(9) + S,LLQ)
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Summing up the two above estimates then yields

(1 —2C7s*2)(|le= "0 p| 2oy + e 0T |[Fa ) + le™™" Vg™ |[72())

2
<207 (33/2”68’7("0)14”%2(9)" + 5712 Zuk(s)> , 8> S1.
k=1

Therefore, for all s > s = max(sy, (4C1)?/) we have

||€_sn("0)]9|\%2(9) + |\€_S"("0)q+||%2(sz) + ||€_sn("0)q_”%2(sz)

2
< Cy <83/2|65”("O)A||2L2(Q) +s712Y uk(s)> , (3.8)
k=1

with Cz = 40{

Step 2. For k = 1,...,n, we choose (ua"k+2,u0_’k+2) = (z1,0) in B7) and find
that

lle=snC-0 (— Ay, + xkp)H%Q(m + |\e_8"("0)$kq+”%2(0)
< 018_3/2(”6_877(.’0)AH%2(9)” + ||€_sn(.’0)p”%2(g)
e ey + eV o + sprra(s))

provided s > s1. Thus, taking into account that

|:l:Ak+:Ekp|2 > |Ak|27 |:Ekp|27 k= 17"'777’7

N =

we get, for all s > s; that

1 —sn(- — —sn(- —sn(-
§||e n(’O)AkHQH(Q)SCiS 3/2(H€ ”(>O)A|\%Q(Q)n+|\e "(’O)pH%%Q)

+ e 00 220y + eV 1220y + stint2(s))
+ ||€_s"("0)$kq+”%2(sz)a
whence
|\€75n("0)AkH%2(Q) - Cl,ksfg/z|\€75n("0)AH%2(Q)n
< Cl,k(||€_sn("0)p||%2(m + |\€_S"("0)q+||%2(sz)

+ e 100 |22y + 57 P para(s)),

2050002-16



The inverse problem of two-state quantum systems

where Cy , = 2(C] + ||:BkH%oo(Q)). Summing up over k = 1,...,n, we obtain for all
5 > 51 that

(1- 0115_3/2)||€_sn("0)f4||%2(9)n <y <||€_sn("0)p||%2(sz) + ||€_s"("0)q+||%2(sz)

+ ||€_s"("0)q_|\%2(sz) +57 12 Z Mk+2(3)> ;
k=1

with Cf' = 3")'_, C1x. Thus, taking s > s} = max(s1, (207)?/3) and setting C} =
2CY, we find that

He_sn("o)Aﬂiz(sz)n < Cy <||€_sn("0)p||%2(sz) + ||€_sn("0)q+”%2(sz)

+[lem 0 1720y + s/ Z Hk+2(3)> .
k=1

From this and (B8], it then follows for all s > s, = max(sa, sh, (2C2C%)?/?) that
e "0 A2y + le™ 7 Dpl 2y + e Vg 2oy + eV [1F2q)

n+2

S C3 Z Mk(s)a
k=1

with C3 = (1 + C2)C%. Thus, bearing in mind that 0 < n(z,0) < e?*5/T? for all
z € Q, we find upon setting Cy = e(25+¢*)/T* 5 that

n+2
A7 200 + 11720y + la 1720y + lg 720y < Ca Zuk(s*)-
k=1

Now, the result follows from this upon noticing that
ui,k(s*) _ 2He—s*7l(~,0)(p1/2(ayﬁ)lmauvi,kniz(z*)
< Clo T2 m,y, k=1,...,n+2,
with C' = 2He_’7("0)g01/2(81,ﬁ)1/2||2Loo(2*) < 400, since ¢(x,t) = ¢(x, —t), n(z,t) =
n(x, —t) and vEF2(z,t) = —oEF+2(z, —t) for all (z,t) € Q x (=T,0).

3.3. Remark: A wider choice of initial conditions

We point out that Theorem [[.2] works for a much wider choice of initial conditions
than the ones we used in the proof presented above. As a matter of fact, it is easy
to see that we may as well choose (ug "', ug™") = (0,2_) and (ug"?,uy’?) = (24,0)
in Step 1 of Sec. B2 where z4 is any non-zero complex number, and that Step 2
can be rewritten as follows:
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Step 2'. We choose 2n functions ugt k+2 Q — C, for k = 1,...,n, such that the
two® matrices (UZ)*UsE, where Uy = (9, uO F2) < ki<n and (UF)* is the Hermitian

conjugate of UO , are strictly positive definite, i.e.
Icg >0, |UFEl>clel, ¢ecCm (3.9)
For each k = 1,...,n, we substitute u(jf’kw for uOi in (B7) and find that
le™*"C (= A Vud ™2 + pud ™2 4 ¢ ug ) |12 q)
e O (A Vug ™2 4 pug P+ g hug )7
can be upper bounded by
01373/2(Hefsn(.’O)AH%%Q)n + ||878n("0)p|\%2(9) + |\€7S"("0)q+||2L2(Q)
+ e 1007|132y + sprsa(s)),
provided s > s;. Thus, taking into account that
£ A- vuac,kﬂ +pu0¢’k+2 n qiu(ﬂJz,Hzlz

1
= B v ] I o e T LR T

q
we get for all s > s1 that
Lo e k42 —sn(- —k+2
5(”@ " ’O)A'VU(JJF " H%z(sz)‘FHe " ’O)A'VUO " H%z(sz))
< 0{373/2(”67877(.,0)"4”%2(9)" + [lemsmC p||L2(Q) + [le= 0 +HLz(Q)

sn k+2 +2
CO(pug ™2+ qmuy " )H%z(n)

+ ||e*577('*0)q*||2L2(Q) + spg+a(s)) + e
+ [0 (pug 2 4 g tud M )72
whence
le™ DA Vud 2 Fagg) + lle O A Tug T2 o )
- Cl,k373/2”67877(.’0)‘4”%2(9)"
< Cvalle™"COplFaq) + e Vgt [fa()
+||e=sm:0 g ||%2(Q) + 5 o (s)),

2Actually, it is enough that either U(;r or Uy fulfills B3) for the result of Theorem [[L2 to hold,
but for the sake of simplicity, we assume here that both matrices satisfy this condition.
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where C1j, = 2(C} + |lug k+2|\2m @ t llug” kHHLm(Q ). Summing up over k =
1,...,n, we obtain for all s > s; that

He_sn("O)UJA||%2(Q)n + He_sn("O)UJAﬂiz(sz)n - 01/3_3/2He_sn("o)AHiz(sz)n

<y <|€Sn( o p||L2(Q) + [le= -0 +HLz(Q)
+ [le=*7C-0g~ %200y + 512 Z uk+2(8)> )
k=1

with C{ = >"}_, C1 k. Consequently we have

(cf +co —Cls™2)le™* 10 4|12 gy

<oy <||€_sn("0)p||%2(sz) + |\€_S"("0)q+||%2(sz)

+ Hefsn("o)qfﬂiz(n) +s7 12 Z Mk+2($)> ;
k=1

by virtue of (). Thus, taking s > s} = max(sy, (2C7/(cy + cg))?/?) and setting
Ch=2C1/(cy +cf), we find that

=00 4|22 0 < C (Hesn Oplza) 1”00 a0

+ [lem 00 1220y + s 12 Z Hk+2(3)> .

k=1

Now, the end of the proof is similar to the one presented in Sec.
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Appendix A. Symmetry

To prove that A - V is symmetric it is enough to see for all u = (ut,u™)T and

v=(vT,v7)T in (H}(Q))?, that we have

(A - Vu, V)r2(Q)2 = / A-Vu vtdr — / A-Vutv—dz
Q Q

/Q<v - (Au))oTde — / (V- (A-uh))ode

Q

:f/u_'Av_*dx+/u+~Av_*dx
Q Q

= / ut - Av—dx — / u~ - Avtdx
Q Q

= (u, A . V’U>L2(Q)2.
Note that we used the facts that A is real-valued and divergence free, i.e. that

V-A=0.

Appendix B. AP-bounded perturbation

Each of the three operators p, § and A-V is AP-bounded with relative bound zero.
Indeed, for all u = (u*,u™)? € D3, we have

||Z7UH%2(Q)2 = ||pU7H%2(Q) + ||pu+||%/2(ﬂ) = 2”?”%0@(9)”“”%%9)2,
1qull 202 = llaTut 1720 + la” w1720

< (lg* 170y + g7 1700 () 1l 720202
and

1A~ Vulfape = 14~ u” [Fai0) + 14+ w720

< AN ooy VU 1F 20 + 1w 172(02))
< Al oy | (~A0F = A
< ”AH%OO(Q)”(||AU+HL2(Q)||u+||L2(Q) +|AuT [ 2 |u™ [ 22(0))
by the Cauchy—Schwarz inequality, with
[AuF || 2l | 22) + 1AW ([ L2 1w | 2
€ _
< HAH%w(Q)n (Wﬂmuﬂiz(m + [|Au ||2L2(Q))
Loo(Q)n
AN oo gy _
+ (e + lu” [2(0)
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uniformly in € € (0, 1), upon applying the Holder inequality, whence

IA- V|20 < el APul|72iqp +

Al o
o IUlLa@)e
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