Stable determination of unbounded potential by
asymptotic boundary spectral data

Yavar Kian and Eric Soccorsi

Abstract We consider the Dirichlet Laplacian A; = —A + g in a bounded domain
Q c R?, d > 3, with real-valued perturbation ¢ € L™*Z34/5)(Q). We examine the
stability issue in the inverse problem of determining the electric potential g from the
asymptotic behavior of the eigenvalues of A,. Assuming that the boundary measure-
ment of the normal derivative of the eigenfunctions is a square summable sequence
in L?(0Q), we prove that ¢ can be Holder stably retrieved through knowledge of the
asymptotics of the eigenvalues.

1 Introduction
1.1 Settings

Let Q c R4, d > 3, be a bounded domain with C2 boundary I' := 0Q. We consider
the perturbed Dirichlet Laplacian A, := —A + ¢ in L*(Q), where ¢ is taken within
the class

Qe (M) = {q e L™E3(QR) s. t. [|gll prsesars ) < M
and g(x) > —cp, x € Q},

associated with two a priori fixed positive constants ¢y and M. More precisely, A,
is the self-adjoint operator in L?(Q), generated by the closed Hermitian form
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aq(u,v) = f (Vu - Vv + quv) dx, u,v € D(ay) = H(; (Q),
Q

see e.g. [6, Appendix A]. By compact embedding of H& (Q) in L?(Q), the operator
A, has a compact resolvent. Therefore, there exist a sequence of eigenfunctions
¢r € D(Ay) = {u € Hy(Q), (-A+ q)u € L*(Q)} which form an orthonormal basis

of L?>(Q), and a sequence of eigenvalues
o< <A< <A< <.,
repeated with the multiplicity, satisfying limg_,c Ax = oo and
Agdr = Ak, k> 1.

For all k > 1, we put Y := (0,¢x);r, where v denotes the outward pointing unit
normal vector to I'.

In the present article we study the stability issue in the inverse problem of de-
termining the potential ¢ from the asymptotic behavior with respect to k, of the
so-called boundary spectral data,

BSD(Ay) = {(Ax, Yi), k = 1}.

1.2 State of the art

The study of mathematical inverse spectral problems has a long story which dates
back to, at least, 1929 and Ambarsumian’s pionneering article [2], where the author
proved that real-valued potential g of the Sturm-Liouville operator A, = -0 +¢
acting in L?(0, 2r) is zero if and only if the spectrum of the periodic realization of
A, equals {k?, k € N}. However the first breakthrough results in this field appeared
between 1945 and 1951, when Borg [3], Levinson [16], and Gel’fand and Levitan
[11] identified the electric potential of A, through knowledge of the spectrum and
additional spectral data.

Almost 40 years later, in [18], Nachman, Sylvester and Uhlmann extended
Gel’fand and Levitan’s result to multidimensional Schrodinger operators. They
showed that full knowledge of the boundary spectral data uniquely determines the
electric potential. Later on, in [13], Isozaki showed that the identification result
of Nachman, Sylvester and Uhlmann is still valid when finitely many eigenpairs
(Ans ¥y) remain unknown. This result, which is often referred to as the incom-
plete Borg-Levinson theorem, was extended by Canuto and Kavian to the case of
Schroédinger operators in the divergence form —pV - ¢V + ¢, when the conductivity
¢ and the density p satisfy min(c, p) > € for some € > 0. More precisely, they
showed in [7, 8] that the boundary spectral data uniquely determine two out the three
functions (c, p, q).
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In 2013, further downsizing the data, Choulli and Stefanov established in [10] that
the electric potential can be retrieved from asymptotic knowledge of the boundary
spectral data. Namely, the authors proved that two potentials are equal whenever
their boundary spectral data are sufficiently close asymptotically. This result was
improved by [14, 21] upon weakening the condition imposed on the asymptotics of
the boundary spectral data.

The stability issue for the inverse problem of determining the electric potential
from the full boundary spectral data was first treated in by Alessandrini, Sylvester and
Sun in [1]. Their result was adapted to local Neumann data in [5] and to asymptotic
boundary spectral data in [10, 14, 21].

All the above results were obtained for bounded electric potentials. As for the
mathematical literature on inverse spectral problems with singular potentials, it
seems to be quite sparse. The first result on this topic was published in [19] by
Pévarinta and Serov, who showed that knowledge of the full boundary spectral data
uniquely determines the electric potential in L (€, R), provided that p > d/2. Later
on, in [20], Pohjola showed unique determination of ¢ € L%/?(Q, R) from either
full boundary spectral data when d = 3 or incomplete boundary spectral data when
d >4, and of ¢ € LP (4, R) with p > d/2 and d = 3, from incomplete boundary
spectral data. More recently, it was proved in [6] that ¢ € L™*(>34/5)(Q) is uniquely
determined by the asymptotic boundary spectral data. The three above mentioned
papers are only concerned with the uniqueness problem. As far as we know, there is
only one mathematical result dealing with the stability issue in the inverse problem
of determining a singular potential from knowledge of the boundary spectral data.
The corresponding statement which can be found in [9, Theorem 1.2] establishes
that the electric potential ¢ € LP (,R) with p > d/2 whend = 3 and p = d/2
when d > 4, can be Holder stably retrieved from the incomplete boundary spectral
data of the Robin Laplacian. Moreover it is apparent that the strategy of the proof
of [9, Theorem 1.2] can be adapted to the case of the Laplace operator endowed
with Dirichlet boundary conditions. Nevertheless, to the best of our knowledge, the
inverse problem of stably determining the unbounded electric potential by asymptotic
boundary spectral data is still completely open, and this is precisely the problem that
the present article is concerned with.

1.3 Stability estimate

The main achievement of this article is the following stability estimate.

Theorem 1 For j = 1,2, let q; € Q.,(M), where co > 0 and M > 0 are fixed,
and denote by {(Aj k. Y k), k = 1} the boundary spectral data of the operator Ag,.
Assume that

+00
Dok =il < oo W
k=1
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Then, there exists a positive constant C, depending only on Q, cy and M, such that
we have

da+2
g1 = q2llg-1(q) < C |limsup |21 x — /12,k|) : @
k—o0

Theorem 1 is the main novelty of this work, as we are not aware of any stability
result available in the mathematical literature, dealing with the determination of
singular potentials by asymptotic boundary spectral data. It is proved in [14, 21] that
the potential depends continuously on asymptotic boundary spectral data but this is
for bounded potentials only.

Evidently, (2) yields unique determination of g € Q.,(M) by asymptotic knowl-
edge of the spectrum of A, in the sense that the following implication

limsup |21 — Aokl =0 = q1 = ¢,

k—oo

which was already established in [6, Theorem 1.1], holds under the conditions of
Theorem 1.

Notice that the stability inequality (2) involves only the asymptotic distance
between the eigenvalues of the operators A,;, j = 1,2, and does not need explicitly
any quantitative information about |1,k — ¥2k|l 2. This might seem a little bit
surprising at first sight since distinct iso-spectral potentials g; and g, can be built on
certain domains Q. But for such potentials the condition (1) is not fulfilled as one
has 2211 1k - ’ﬁz,k”sz(r) = 00.

In the same spirit, it is worth mentioning that Theorem 1 does not assume
that g — ¢» € L*(Q). As a matter of fact it seems very likely that we have
lim sup;_,o, |41,k — A2,k| = o0, in which case (2) is trivially satisfied, when ¢; — ¢»
is unbounded. However, we are not able to prove rigorously this claim (neither can
we guarantee that it is true) although the converse implication is obvious.

Finally, we point out that the assumption ¢; € L max(2,3d/ 5)(9, R),j = 1,2,1is
purely technical, in the sense that it is requested by the proof technique of Theorem
1, conducted in Section 3 below. Notice that max(2, 3d/5) is equal to either 2 when
d = 3, and to 3d/5 when d > 4, and that this condition is enforced to guarantee
that the potentials g; are simultaneously in L3¢/5(Q,R) and in L*(Q,R). Namely,
the hypothesis ¢; € L34/3(Q,R) is needed by Proposition 2 for establishing that the
Neumann traces ¥ i, k € N, are L2(F)-functions satisfying

Jslory = € (1 )

for some positive constant C depending only on Q and M. This estimate is crucial
for Step 3 in Section 3, of the proof of Theorem 1. As for the additional condition
q; € L*(Q,R), it is a byproduct of A, being defined as an operator acting in L*(Q).
More precisely, this can be understood from the representation formula (10) below,
requiring that g; f7 is in L*(Q), which is achieved by taking g; within the class
L*(Q,R).
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1.4 Structure of the article

The paper is organized as follows. In Section 2 we extend the celebrated Isozaki’s
representation formula, which was initially established for bounded potentials, to the
case of unbounded potentials. In Section 3 we prove Theorem 1 by mean of Isozaki’s
formula. Finally, in the appendix, we collect several technical results that are needed
for the proof of Theorem 1.

2 Isozaki’s asymptotic formula

The goal of this section, which is inspired from [6, Section 3], is to relate the
Fourier transform of g; — ¢» to BSD(q;), j = 1,2, by triggering the boundary
value problem (59) with suitable Dirichlet boundary data f. This approach was
introduced by Isozaki in [13], and since then it has been successfully applied by
numerous authors to the analysis of multidimensional inverse spectral problems, see
e.g., [4, 10, 14, 15, 20, 21].

2.0.1 A sufficiently rich set of test functions

Let ¢ € RY and set A% = (7 +i)? forall T > |£]. We seek two functions f3 such that

(-A =25 fE=0inQ 3)
and satisfying
lim f7(x)fr(x) = e, x€Q, 4)
sup [|£7 [l o) < oo o)
T2|£]

Pick € S"~! such that & - = 0, and for 7 > |£|, put

[, 1€ x . _¢
Br = l—mandnT.z,BTn+E

in such a way that |p¥| = 1. Then, it is apparent that
FEx) = TN e
fulfill (3) and (4). Moreover, we have | fZ(x)| < e!! for all x € Q, and hence

15 ) < 1X17 sup el = Crx, X =QT, (6)

xeQ
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whenever r € [2,00) or r = co. More specifically, we notice that (6) with (r, X) =
(00, Q) yields (5).

Let g € Q. (M), where cp > 0 and M > 0 are fixed. Then, for all 7 > |£| we have
qfi € LA(Q) by (6), and the estimate [lq£2]l;2) < 141l 20 1| i@y < MCoo0

when d = 3, whereas ”qff”Lz(Q) < ||q||L351/5(Q)||fTi||L(%ftz @ < MC%,Q when

d > 4. Therefore, we have
||Qf'rt“L2(Q) <C. @)

Here and below, C denotes a generic positive constant depending only on Q and M,
which may change from line to line but is independent of 7.
2.0.2 Triggering the system with f*

For j = 1,2, let g; € Qq, (M), z € C\ [~co, ), and denote by w7 the W>P (Q)-
solution to the boundary value problem

(-A+q; —2)u=0inQ, @)
u=fr onT.
Since (A + gj — 2) fF = (qj + A7 — 2) f7 from (3), the function
Vie =i~ Sy ©
solves
(-A+qi—2v=—(-A+qg; - 2)fFfinQ
v=0 onl,
and consequently we have
Vi = —(Ag — )7 (g + A5 - ) fF. (10)
In the special case where z = A%, the above identity reads v;.—" e = -(Aq; —
%) (g £%). Since Im A = +27, we infer from (7) that
+ -1
[[v£ s oy SCTL T2 L (11)

where we recall that the constant C is independent of 7. From this, (7) and the Cauchy-

< C?77!, and consequently

Schwarz inequality, it then follows that | fQ qj v; e frdx

we have

T—00

lim | gjvi, frdx=0,j=12. (12)
Q 2T

Armed with (12), we are now in position to establish the Isozaki formula for the
unbounded potentials g;, j = 1,2.



Stable determination of unbounded potential by asymptotic boundary spectral data 7

2.0.3 Isozaki’s asymptotic representation formula

For 7 > |£], put
Sjc = <avu;/l;raff_>L2(r), i=12 (13)

and recall from (9)-(10) that u;:/l; = ff+ V]J'r,/ﬁ and Vj+,/l¢ =—(4y4 - AH g fH.

Since v;.” 2 € D(Ay;), we have 6vu; 2 € L*(T") from Appendix 3.1, and hence S it
is well-defined.

The following identity extends the classical Isozaki formula established in [13]
for bounded potentials, to possibly unbounded potentials lying in Q.,(M). Its proof
can be found in [6, Proposition 3.1] but, for the sake of completeness and for the

convenience of the reader, we provide it below.

Proposition 1 Let g; € Q. (M), j = 1,2. Then, for all £ € R, we have

lim (S1,+ — $27) = f(éh —q)e ¢ dx.
Q

T—00

Proof For j = 1,2, we have

(14)

(—A+qj—/l;’)u;/l; =0inQ
”;,1+ = fr onT,

hence by multiplying the first line of (14) by f, integrating on Q and applying the
Green formula, we obtain that

0= L(—A +qj - ﬂ:)u;ﬂif;(x)dx

= frf;ra,,f;da - fr(é‘yu;/l;)fda + Lu}.’/{;(—A +q; — A7) frdx
= ff;’a,,f;do- —Sj.+ f W g frdx, j=1,2.
r Q
Here, we used (3) and (13) in the last line. Thus, we have

Sie—S2r = fg (quit . — o) o .
This and “;',/1; =fr+ v;/l;,j = 1,2, then yield
Sir— 82,0 = f(m — g ff frdx + f 6]1vt,,+fdx - f @v; o frdx.
Q Q ’ Q T

Taking the limit as T — oo in the above identity and using (12), we get that

T—00

lim (sl,T - fQ (g1 - qz>f:ﬁdx) =0, (15)
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and since ¢; — ¢» € L'(Q), we have lim;_ . fg(ql — @) fffrdx = fQ(ql -
g2)e”*$*dx by (4) and the dominated convergence theorem. Finally, this and (15)
entail (14). O

3 Proof of Theorem 1

Since the stability estimate (2) is obviously satisfied when lim supy_, o, [11.x — A2,| =
co, we assume without loss of generality in the sequel that lim supy_,o, |41,k — A2,k| <
co. As a consequence we have

sup |16 — 2| £ C, (16)
k>1

for some positive constant C, and hence
|2kl < C(1+]A1kl]), k21, 17)

upon possibly enlarging C. Here and in the remaining part of this proof, C denotes
a generic positive constant independent of k, which may change from line to line.
The proof being quite lengthy, we split it into 7 steps.
Step 1: Introducing an additional spectral parameter. We use the same notations as
in Section 2. Namely, for z € C\ [~¢o, ), j = 1,2, we denote by u? _ the WP (Q)-
solution to the boundary value problem (8) with u = f; on T. Since g, f; € L*(Q)
by (7), we have v;.’z = u}’z - [+ € D(A,;) from (9)-(10). Therefore, 6Vu;fz e L*(I)
according to Appendix 3.1, and for all u € C \ [—c, o) the normal derivative of
+ — gt _ gt Tliecd 2
Vi T T lies in L=(I"). Moreover, we have
S 1,t — SZ,T
= <5v’4t/1; - avuzﬂ;,f;hl(r)

= OV o 002 = OVE o 12y + (Buti], = Byt £ 12 (18)

from (13). We first examine the last term on the right-hand-side of (18). By Holder’s
inequality, we have

(Bt = 013 f) 12| < B0ty = 0via3 | o 7

where p’ = % is the Holder conjugate of p. Thus, we have limﬂq_w(avufﬂ -

6Vu£ w0 S 2@y = 0 by Lemma 1, and hence
St =827 = ﬂli)@w<avvt1;’# - avvz/l;r’ﬂ» f-;)Lz(l")v (19)

from (18).
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Step 2: Decomposition. The next step is to apply (61) on the right-hand side of (19).
We get through direct computation that

OVE = O3 e o 2 = D (A T) + Bi(p 1) + G 7)), (20)

k=1
where
Ap(p7) 1= —= L otk = v o {frs Uiy
(A7 = ) (u = A1)
Buur) = —— P e )
(W, T) 1= IS ITEET s {fo Yk —Yai
and

K= A7 M= A7
QWJ%=( X

A== A8 (AF =0 (u—A2x)
(fH v aa) e Yo -

Step 3: Majorizing A (u, T) and By (u, 7). Let us recall from (43) that ”wj’k”U(F) <

C (1 + ‘/lj,k|) for j = 1,2 and all kK > 1, where C > 0 depends only on Q and g;.
Thus, with reference to (6) with » = 2 and X = I', we obtain that

[fz wiem| < € (1+ | u]). k2 1.

This, (6) and (17) then yield for all y < —(1 + ¢) and all T > 1 + |£], that

Ak )+ 1B D1 < Cellrnge = il gy & 2 1. @1

Here and below, C; denotes a generic positive constant possibly depending on 7,
which is independent of k and u.
Step 4: The case of Cr. (1, T). We turn now to estimating Ci (u, 7). This can be made
by rewritin u-Az _ H-Az as A~k _ A=k

y g G- (p-Ak)  (AF-A20)(-A2x) G- G -0r) W) (p—A2k)
and using (16). We obtain that

AT - /lz,k H— /12,k
ICk (1, )| < C || 5| Pr(A]) + O (1) |+ (22)
A7 — Ak — ALk
where
VERIENY GANTCRY
@ (o) 1= [L2RLO [T 0vn| oy 0. @3
z— Aok z— Aok
Notice from (16) that
AT -4
L1 I RN S (24)
/l‘r - /ll,k
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whenever T > 1, and that

~2
’u <1+C k> 1, (25)

M= Ak

provided that u < —(1 + ¢p). Further, bearing in mind that ufz, Jj = 1,2, is the

solution to the boundary value problem (8), we find upon multiplying by ¢, the
first line of (8) with j = 2, integrating the result over Q and applying the Green
formula, that

(fE 202

<M-2l:z, ¢2,k>L2(Q) = s k>1.

z2— Ak
Thus,
S fE W) | 2
Z VER Ny _ H”i H ’ 26)
— 7— A2k 2zllL2(Q)
from the Parseval formula. Moreover, we have
+
(= Ly S 6 27)

whenever T > 1, according to (6) with (r, X) = (2,Q), and to (9) and (11) with

j = 2. Similarly, since uiﬂ = ff—(Agp — W g + A% = ) fZ from (9)-(10), we
have

g2 /7 12y + UAZ] + TDIFE N 220
|+ col

165l 2y < 1 N2

for u < —(1 + ¢p), and consequently ||”:2t,uHL2(Q) < @+ 27+ OlfE N2 +
||512fri||L2(Q). This, (6) with (r, X) = (2, Q) and (7) entail that

HM-i/‘HLZ(Q) <G, p<(=1+0c). (28)

Step 5: Sending u to —oo. With reference to (1) and to (21)—(28), it follows from (20)
and the dominated convergence theorem that

Sl,‘r - SZ,T = HE}E}Q(&/VI};,# - a"v;,/l;,ﬂ’ f-;>L2(l") = Z (AZ(T) + B]:(T) + C;(T)) )
k=1
(29)
where |
Ap(r) = m(f:,%,k — Vo) e YL 2wy (30)
. 1 —_
B/ (1) := m(f:’ Yo 2o ¥k =¥ (€29)

and
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ALk — Aok
(A = A1) (A7 = Aok

CZ(T) = )<f1+’ ¢2,k>L2(F)<fT_’ ¢2,k>L2(r)~ (32)

Step 5: Sending T to co. Since Im(Af — A; ;) = 27 forall k > 1, we deduce from (6)
that

A;;(T)) +

BZ(T)‘ < CT_1||W1,k - ¢2,k||L2(r) (”'ﬂl,k”Lz(r) + ”lpz,k“LZ(r))

and

Cr(o)| < A0k = iVl iy

where the positive constant C is independent of k and 7. As a consequence we have
lim A, (1) = lim B;(7) = lim C; (1) =0, k > 1. (33)
T—00 T—00 T—00

This and (29) yield for any natural number N, that

Ay (0| +

Bk*(‘r)| +

Jim [S1.c — Sa.| < lim Sofpk:zN ( Go). G4

On the other hand, applying the Cauchy-Schwarz inequality in (30), we get from
(26) that

(=)
k=N

e

N3/ !
) (Z 1.4 — wz,kuizm)
k=N

A (T)) <A 2 (Z

A7 - Ak
1
— 2
< ||f:||L2(Q)”u1,,1_‘; L2(Q) (Z ||¢’l,k - ¢2,k||L2(r)) . (35)
k=N

< oo according to (6) with (r, X) =

Further, since sup,.; || f7 || Lz(Q)HuI 20
(2,9), (9) and (11), it follows from (35) that

1

Ay < C(Z ik — wz,kllizm) : (36)
k=N

(o9
lim sup Z
T—00 k=N

for some constant C > 0 depending only on Q and M. It should be noticed in
particular that C is independent of N and ¢;, j = 1,2.
Similarly, by arguing as above with (31) and (32) instead of (30), we find that

lim sup Z BZ(T)| < C(Z 1k — ‘ﬁZ,kHiZ(r))
T2 k=N k=N

and
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lim sup Z |CZ(T)| < Csup |1k — Aokl
= k=N

T—00

which together with (34) and (36), yields

1
o0 3
limsup Sy — S| < C(Sup |k — Aok] + (Z i, — ‘/fz,k“iz(r)) ) (37

T—00 k>N k=N

Therefore, we have

‘ f e (q1 — qp)dx
Q

from Proposition 1, where C is independent of N. Now, with reference to (1), we
find upon sending N to infinity in the above estimate, that

U e (g - qp)dx
Q

Step 7: End of the proof. Let us denote by g the extension of ¢ — ¢ by zero in R4\ Q,
and by g the Fourier transform of ¢, i.e.,

1
) 2
< C(sup [A1k — A2kl +( E i,k — !//2,k||2Lz(r)) ),
k>N

k=N

< Clim sup |/ll,k - /12,k|~ (38)

k—oc0

Q&) = fR e g (ody = fQ eV (g — gy, £ € RY

Then, setting A := lim supy_,., |41,k — A2.k|, we may rewrite (38) as
14(£)] < CA, & e RY, (39)

Let r > 0 be fixed. Putting B, := {¢ € R?, |£| < r} and using that fB 1G(&)|%d¢ <
Crd||c}||im(3r), we deduce from (39) that

f 19(&) Pdé < Crin2, 40)
B,

Next, since [pq, , (1+ED)1GEPdE <72 [L4 5 10EPdE <172 [, 19(E)dE,
we have

2\=11 2 2 -2 2
fR oy, THIEDAOPE < 2l

by Parseval’s theorem. Thus, keeping in mind that [|q|| 2gay = |9l 2q) < M, we
obtain that

f (1L+1EM7g@&)1*de < M*r 2.
R9\B,
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From this, (40) and the identity [|q|3, , @ = Joa (T+1EP)7MG(8) P dé, it then follows
that

lgll-1@) < € (r%A+r*‘), r>0.

2
Finally, taking r = (%) " A~ in the above inequality to minimize its right-hand

side, we get (2). This completes the proof of Theorem 1.
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Appendix
3.1 L*(I')-regularity of the y;’s
For F € L*(Q) we consider the solution u € H& (Q) to the boundary value problem

u=0 onT, 1)

{(—A+q)u=FinQ
given by Lax-Milgram’s theorem. If ¢ were in L (Q) then u would be in H>(Q) by
elliptic regularity, and satisfy

lull g2y < Cllull2) + 1F N2 @)

for some positive constant C = C(€), [|qll ~(q))- As a result, we would have d,u €
L*(T) and the estimate

lovull 2y < Cllullr2q) + 1F 1220 (42)

where C is another positive constant depending only on Q and ||g|| .~ (q,- However,
since ¢ is possibly unbounded in the framework of this article, we cannot apply the
standard theory of elliptic PDEs here, which leaves us with the task of establishing
the following result.

Proposition 2 Let g € Q.,(M), where ¢y > 0 and M > 0 are fixed, and let F €
L3(Q). Let u € H'(Q) be a solution to (41). Then, we have d,u € L*(I') and the
estimate (42) holds for some positive constant C depending only on Q, co and M.

The derivation of Proposition 2 is similar to the one of [6, Proposition 2.2] but
for the sake of self-containedness of this paper and for the convenience of the reader,
we provide the proof of this technical result in Appendix 3.2, below.

Notice that it follows from Proposition 2 that any function u € D(A,) has a
normal derivative 8,u € L*>(T') satisfying
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||(9Vu||Lz(1—) <C (||M||L2(Q) + HAq””Lz(Q))’

where C is a positive constant depending only on © and M. Specifically, since all
the eigenfunctions ¢, k > 1, lie in D(A,), we get that y; € L?(T') and that

Wl L2y < C(L+ [ AkD). (43)

3.2 Proof of Proposition 2

By linearity of (41), we may assume without limiting the generality of the foregoing

that F is real-valued. As a consequence, the solution u to (41) is real-valued as well.

Put gy := g + co. Since go > 0 by assumption, we pick a sequence (g¢)c>1 €
C®(Q) of non-negative functions satisfying

Jim llge = qoll s, = 0. (44)

Then, for each £ > 1 we consider the solution uy € H*(Q) N H () to the boundary

value problem
(=A+qp)ue = cou + F in Q
{w =0 onl. (43)

We split the proof into 4 steps.
Step 1: The sequence (ug)es| is bounded in H'(Q). For £ € N fixed, we multiply
the first equation of (45) by u, and integrate over . We obtain fg IVuglzdx +

fQ qr |ug|2dx = fQ Guedx with the help of Green’s formula, where G := cou + F. As
a consequence, we have

f |Vuel*dx + f qolue|*dx = f Guedx — f (e — qo)luel*dx,
Q Q Q Q

which, upon applying Poincaré’s inequality and remembering that go > 0 a.e. in Q,

leads to
el gy < Co (Ll%-%lluflzdx+L|Gllufldx)~

Here and in the sequel, Cy denotes a generic positive constant, depending only on Q.
Taking into account that H'(Q) c Li% () and that the embedding is continuous,
by the Sobolev embedding theorem (see e.g. [12, Theorem 1.4.4.1]), we infer from
the above inequality and Holder’s inequality that for all € > 0,
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leeel3y1 g
sco(uqf—qo||Ls§z(m||uf||i%m+fQ|G||u[|dx)
< Co(llae = aoll 39 g e iy + €llael gy + € IGI g ). (46)

Now, with reference to (44), we pick £y > 1 so large ||g, — qOIIL 3d @ < eforall{ >

€o. From this and (46) it then follows that [luc[1%;, o, < Co (€lluell31 o, + € MG 2 q))

whenever ¢ > {y. Thus, by taking € = (2C0)‘1 in this estimate, we find that
luell ) < Co (llull 2@ + IFllz2@)) s € 2 Co. 47)

Step 2: (ug)e>1 converges to u in W2P(Q), where p :=2d/(d+2).For{ > { fixed,
we put ve := u — up in such a way that

—Ave + qove = (ge — qo)ug in Q
{Vg =0 onT, (48)

according to (41) and (45). Thus, bearing in mind that gg > 0 a.e. in Q, we have
Vel < Coll(ge — qoluell -1 (49)

Moreover, H(} (Q) being continuously embedded in Li% (Q), the space LP (Q) is, by
duality, continuously embedded in H~!(Q), and (49) yields

Vel @) < Coll(ge = qo)uellLr (- (50)

Further, in light of (48) we have

vellwer @) < Co (Igovell Lo @) + 1(ar = qo)uell Lo (@)

from [12, Theorems 2.4.2.5], and

< <
llgovellLr ) < ||610||L%(Q)||V€I|L%(Q) < Clivellg )

by Holder’s inequality and the Sobolev embedding theorem, where, from now on, C
is a generic positive constant depending only on €, ¢p and M. From this and (50) it
then follows that

vellw2r ) < Cli(ge = go)uellLr @)
< Cllge = QO||L%(Q)||MK||H‘(Q),

which together with (44) and (47), yields

{,ll_)n.}o llue — ullw2p @y = 0. (51)
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Step 3: The sequence (ur)e>1 is bounded in W2 (Q), where r := 6d/(3d + 4). In
light of (45) and the identity G = cu + F, we infer from [12, Theorem 2.4.2.5] upon
taking into account that L?(Q) is continuously embedded in L” (Q), that

luellwr @) < CllgeueliLr @) + G2 €2 1. (52)

r < < 2d
Further, as we have [|qeuell - ) < ||q{||L%(Q)||M£||L%(Q) < C”qKHL%(Q)”uf”HI(Q)

by Holder’s inequality and the Sobolev embedding theorem, and hence
lgeuellr ) < Cllullp2q) + 1FllL2))s € = o,
from (44) and (47), it follows from (52) that
luellwzr @) < C (||M||L2(Q) + ”F”LZ(Q))’ >4y (53)
Step 4: End of the proof. We are left with the task of establishing that

ldvuellp2qry < C (||M||L2(Q) + ”F“LZ(Q))’ €= €. (54)

For this end we consider a vector field y € C'(Q, R?) satisfying Y| = v, multiply
the first line of (45) by ¥ - Vu,, and integrate over 2. We obtain that

f(—Aug)y~Vu[dx+f qe uey -Vuedx = f c uy~Vugdx+f Fy-Vuedx, € > 1.
Q Q Q Q

(35
Applying the divergence formula, the first term on the left-hand side of (55) reads

f (Aug)y - Vupdx = f |8y ue|*do — f V(y-Vue) - Vuedx, € > 1. (56)
Q r Q

Further, writing ¥ = (y1,...,74)", we get through direct computation that

d
V(y - Vug) - Vug = Z (ai (J’jajuf)) Oiue
Q=1

d
1
= > @) @ue)dhug + 57 VIVuel, €= 1. (57)
i,j=1

Next, since y - v =1 on I and |Vuy| = |0,us| on ', we have

f Y VIVuel*dx = 10,175y f (V- )IVucl*dx,
Q Q
and hence

1
fAug(y - Vue)dx = _“a"”"“i?(r) + f H(x)Vue(x)dx, € > 1.
Q 2 Q
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from (56)-(57), where

d
1
HX == )" @)X Xit5 (V-y()IXP X = (X, Xo) € R x e Q.
ij=1

It follows readily from this and (55) that

1
E”a"WHZL?(r) Z—LH(X)VM[(X)dx+fQC][Mg J/'Vugdx—LGy‘Vu,gdx, >1.

(58)
The second term on the right hand side of (58) can be bounded with the help of
Holder’s inequality, as

v < m S v
‘Lq[ uey - Vuedx| < |lyll. (Q)d||q€||L35d (Q)”W||L33‘ig(Q)||VW“L33‘52(Q)
< 6d_ i
= C”W”L%(Q)”W”Lafﬂs (Q)”W”W‘v i @)

in such a way that we have UQ qruey - Vugdx| < CIquHL%z(Q)I|ug||€‘,2,r(g) by the

Sobolev embedding theorem, and consequently

f qe ue y - Vuedx
Q

from (53). Putting this together with (47) and (58), we obtain (54).

As a consequence, the sequence (d,u¢)¢>| is weakly convergent in L*(T'), by
Banach-Alaoglu’s theorem, and we denote by w its weak limit in L>(T"). On the
other hand, since (u¢)¢>1 converges to u in the norm-topology of W2P(Q) according
to (51), (Oyug)es1 strongly converges to d,u in LP (I'). Therefore, we have d,u =
w € L*(T) by uniqueness of the limit, which proves the first claim of Proposition
2. Finally, (42) follows from (54) together with the weak convergence in L*(T") of
(Oyue)e>1 to Oy

2
< C (Ilull 20y + IFl2)) > €= €o

3.3 Influence of potential and spectral parameter on the Neumann
response

Let g € Q. (M), where co > 0 and M > 0 are fixed, and pick 1 € C\ [—cp, o) in

such a way that A lies in the resolvent set of A,. Then, for all f € H¥?(T'), we recall

from [20, Lemma 2.3 and Corollary 2.4] that the boundary value problem
(-A+qg—-Du=0in Q

{u =f onT, (59)

2d

admits a unique solution u, € w2p (), where p = .

satisfying
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luallw2r @) < Callfllazr ) (60)

for some positive constant C, depending on A. Evidently, u, depends on g as well,
but to ease the notation we suppress this dependence.

Next, since the trace operator v — d,v sends W>P(Q) into Wl_l%’p ), we
see that 0,u, is well-defined in L?(I"). We first examine the dependence of 0,u,
with respect to ¢ in the asymptotic regime 4 — —co. The following result, which
is borrowed from [6, Lemma 2.1], specifies that the influence of the potential g on
Oyu, is, in some sense, dimmed as A goes to —co.

Lemmal Let g; € Q. (M), j = 1,2. For A € R\ [—cg, ), denote by u; , the
solution to the boundary value problem (59) with q = q;. Then, we have

lim [[6,u1.2 — dyuzallrry =0,
A—>—0

2d

where p = 75.

Having seen this, we seek to examine the dependence of d,u, with respect to
the spectral parameter 4 when the potential ¢ is fixed. This can be done with the
aid of [6, Lemma 2.2], which expresses the difference 9, (1 — u,,) in terms of 4,
1 € C\ [~cp, ) and BSD(A,), as

o Lo

o e ’ 61
(g —uy) = (n );(/l—/lk)(ﬂ_/lk) ‘ o

the series on the right-hand-side of (61) being convergent in L(T").
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