Holder stable determination of a quantum scalar potential in
unbounded cylindrical domains
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Abstract

We consider the inverse problem of determining the time independent scalar potential of the
dynamic Schrédinger equation in an infinite cylindrical domain from one boundary Neumann ob-
servation of the solution. We prove Hdélder stability by choosing the Dirichlet boundary condition
suitably.
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1 Statement of the problem and results

We continue our analysis of the inverse problem of determining the scalar potential ¢ : 0 — R in an
unbounded quantum cylindrical domain 2 = w X R, where w is a connected bounded open subset of
R"~! n > 2, with no less than C2?-boundary dw, from partial Neumann data. This may be equivalently
reformulated as to whether the electrostatic disorder occurring in §2, modelling an idealized straight
carbon nanotube, can be retrieved from the partial boundary observation of the quantum wave propa-
gating in Q. We refer to [7, Section 1.2] for the discussion on the physical motivations and the relevance
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of this model. Namely we seek stability in the identification of ¢ from partial Neumann measurement
of the solution w to the following initial boundary value problem

—iu' — Au+qu = 0, in@:=(0,T) xQ
u(0,2) = wo(x), z€Q (1.1)
u(t,z) = g(t,z), (t,x)eX:=(0,T)xT.

Here T' > 0 is fixed, ' := 0w xR and the % is denoted by ’. Since I' is unbounded we make the boundary
condition in the last line of (1.1) more explicit. Writing x := (2/, z,,) with 2’ := (z1,...,2n-1) € w for
every x € () we extend the mapping

C((0,T) x R HA(w)) — L2((0,T) x R; H?(dw)))
v = [(an} € (OaT) XR— U(tv ’7In)\0w}7

to a bounded operator from L2((0,T) x R; H?(w)) into L2((0, T) x R; H3/2(dw)), denoted by ~o. Then
for every u € C°([0, T]; H2(2)) the above mentioned boundary condition reads you = g.
Throughout the entire paper we choose

g = ’YoGQ, with Go(t,m) = ’U;O(Z‘) + Zt(A - QO)UO(x)v (ta Z‘) € Qa (12)

where go = go() is a given scalar function we shall make precise below.

In the particular case where ¢ is a priori known outside some given compact subset of 2 and on
the boundary T, it is shown in [7] that the scalar potential may be Lipschitz stably retrieved from one
partial Neumann observation of the solution to (1.1) for suitable initial and boundary conditions wug
and g. This result is similar to [2, Theorem 1], which was derived by Baudouin and Puel for the same
operator but acting in a bounded domain. The main technical assumption common to [2, 7] is that

u € CY([0,T]; L>(Q)). (1.3)

In this paper we pursue two main goals. First we want to analyze the direct problem associated
to (1.1)-(1.2) in order to exhibit sufficient conditions on ¢ and wu ensuring (1.3). Second, we aim to
weaken the compactness condition imposed in [7] on the support of the unknown part of ¢, in the inverse
problem of determining the scalar potential appearing in (1.1) from one partial Neumann observation
of u.

The following result solves the direct problem associated to (1.1)-(1.2). Here and in the remaining
part of this text we note ||w||; o, j € N, for the usual H?-norm of w in any subset O of R™, m € N*,
where H°(O) stands for L?(0).

Theorem 1.1. Let k > 2, assume that Ow is C** and pick

(d0,w0) € (WHo2(2) 1 CHE-D(@R) ) x HAEHD (@),

such that _
(—=A+q0)* T ug =0 on 9Q for all j € Ny_p :={0,1,...,k —2}. (1.4)
Then for each ¢ € W?k>°(Q) N C2F=1(Q) obeying the condition
0'q = 9'qo on 99 for all m == (m;)7_; € N with [m| := > m; < 2(k - 2), (1.5)
j=1

there is a unique solution u € O;?:OCJ([O,T];H2(k*j)(Q)) to the boundary value problem (1.1)-(1.2).
Moreover, we have the estimate

k

Z 1w co go,73;mr200-0 (2)) < Clluollz(is1,05 (1.6)
7=0

where C > 0 is a constant depending only on T, w, k, and max(||qo|w2r.0 (), [|a/lw2r.(q))-



Remark 1.2. It can be seen from the reasoning developed in section 2 that Theorem 1.1 may be
generalized to the case of more general boundary conditions than (1.2). Nevertheless, in order to avoid
the inadequate expense of the size of this article, we shall not go into this matter further.

‘We now consider the natural number
teN"N(n/4,n/4+1]. (1.7)

Then, applying Theorem 1.1 with k = ¢+ 1, we get that u € C'([0,T]; H*(2)) and the estimate
lullcr o, 732602 < Clltollages2),0- Since 2¢ > n/2 then H2*(€2) is continuously embedded in L>(£2).
This assertion, that is established by Lemma 2.7 in section 2.4, extends the corresponding well-known
Sobolev embedding theorem in R™ (see e.g. [3, Corollary IX.13] or [6, Section 5.10, Problem 18]) to
the case of the unbounded cylindrical domain 2. This immediately entails

Corollary 1.3. Under the conditions of Theorem 1.1 for k = 4 1, where £ is defined by (1.7), the
solution u to (1.1)-(1.2) satisfies (1.3) and the estimate

llullcr o, 11,000 (2)) < Clluollze+2).0-
Here C' > 0 is a constant depending only on T, w and max(||qo[lw2c+1). (0, [|qllwzesn. @)

For go (and up) as in Theorem 1.1, we aim to retrieve real-valued scalar potentials g verifying
lg(x', 20) — qo(2, 2] < aeb@n)’, (@', 2,) € Q, (1.8)

where a >0, b >0, e > 0 and d. € (2(1 +€)/3,+00) are a priori fixed constants. Here and henceforth
the notation (t) stands for (1 + ¢2)1/2, t € R. Notice that (1.8) weakens the compactness condition
imposed in [7, Theorem 1.1] on the support of the unknown part of ¢. Namely, we introduce the set of
admissible potentials as

Ac(qo) == {q € W2EFD2(Q) 0 C(Q;R) verifying (1.5) for k = £+ 1 and (1.8)}.
Our main result on the above mentioned inverse problem is as follows.

Theorem 1.4. Let 0w, qo and ug obey the conditions of Theorem 1.1 for k = £+ 1, where £ is the
same as in (1.7). Assume moreover that there are two constants vg > 0 and € > 0 such that we have

lug (', )| > volan)~F/2 (2 2,) € Q. (1.9)

For M > 0 fized, we consider two potentials q;, j = 1,2, in Ac(qo), such that ||g;|lw2cet1).0 @) < M,
and we note u; the solution to (1.1)-(1.2) where q; is substituted for q, given by Theorem 1.1. Then,
for all 6 € (0,b), where b is the same as in (1.8), there exists a subboundary v, C Ow and a constant
C >0, depending only on w, T, M, |lugll2(s+2),0, 9, €, a, b and vy, such that the estimate

lar = gallo.e < CllOuus — 0uslg s, (1.10)
holds for ¥, := (0,T) X v« X R and 0 := (b—4)/(2b—§).

It is evident that Theorem 1.4 yields uniqueness in the identification of the scalar potential in A.(qo)
from the knowledge of partial Neumann data for the time-derivative of the solution to (1.1)-(1.2):

Y(q1,q2) € Ac(qo)?, (0,4 (t,z) = D ub(t,z), (t,x) € L,) = (q1(x) = q2(z), z € Q).

Further, it is worth mentioning that Theorem 1.4 applies for any subboundary I'* = v* x R such
that
Y D {2’ € dw, (' —ap) -V (2") > 0},



for some arbitrary z, € R"~! \ @, where /(') € R"~! denotes the outgoing normal vector to dw
computed at x’. See Assumption 3.1 in subsection 3.2 for more details.

Moreover, we stress out that there are actual scalar potentials gy and initial values ug fulfilling the
conditions of Theorem 1.4. For the sake of completeness a whole class of such matching gy’s and wug’s
is indeed exhibited in the concluding remark ending the paper.

The remaining part of the paper is organized with two main sections. Section 2 contains the proofs
of Theorem 1.1 and Corollary 1.3, while Theorem 1.4 is shown in section 3.

2 Analysis of the direct problem

In this section we examine the direct problem associated to (1.1). To this end we introduce the Dirichlet
Laplacian
Ag = —A, D(Ap) := H}(Q) N H*(Q), (2.11)

which is selfadjoint in H := L?(2) (see e.g. [5, Lemma 2.2]), provided dw is C2. We perturb Ag by the
scalar potential ¢ € L>°(€). Since ¢ is assumed to be real then the operator

Ay = Ao+ q, D(Ay) = D(Ag) = HL(Q) N H2(Q),

is selfadjoint in H = L2(Q).

2.1 Abstract evolution problem

To study the direct problem associated to (1.1) we consider the abstract evolution problem

—iv/(t) + Agu(t) = f(t), te(0,T)
{ b0) = 1, (2.12)

with initial data vy and source f. We shall derive smoothness properties of the solution to (2.12) with
the aid of the following technical result, which is borrowed from [5, Lemma 2.1]:

Lemma 2.1. Let X be a Banach space and let M be an m-accretive operator in X with dense do-
main D(M). Assume that vo € D(M) and h € C*([0,T);X). Then there is a unique solution
v e CH[0,T); X)NC°([0,T); D(M)) to the following evolution problem

/ —
V() + Mu(t) = h(t), te€(0,T) (2.13)
v(0) = .
Moreover, the estimate
[oll oo, 23:pamy) + 1"l coo,11:x) < C (lvoll pary + [1Rllero.71:x)) » (2.14)

holds for some positive constant C' depending only on T.

Assume that dw is C?, let ¢ € L°°(£2) be real and choose vy € D(A,) and f € C1([0,T];H). Since 4,
is selfadjoint in A then the operator i4, is m-accretive so Lemma 2.1 applies with X = H, M =4,
and h = if: there is a unique solution

v e CH[0,T); H) N C°([0,T); D(A,)) (2.15)
to (2.12), such that

[ollcoo,r1pa,)) + 1V lcoo, i) < Ch (Ilvoll peayy + 1 ller om0 (2.16)



for some constant C; > 0 depending only on T'.

We shall improve (2.15)-(2.16) upon assuming higher regularity of dw, ¢, vo and f. This requires that
the following notations be preliminarily introduced. First, for the sake of definiteness we set AO =1
and D(AO) ‘H, where I denotes the identity operator in H. Then we put

Abv = A,(AE M), v e D(AY) = {ve DAL, A e DAL},

for each k£ € N* and recall that the linear space D(A’;) endowed with the scalar product

k
(v, w) p(ak) = ZAJU Alw)o.a,
7=0

is Hilbertian.

Proposition 2.2. For k > 2 fized, assume that vo € D(A%) and f € N¥_,CI([0,T]; D(Ak=7)). Then
(2.12) admits a unique solution _ _
vE m?:ocj([oa T]a D(A];i])%

which satisfies the estimate

k k
D10l ogo ry:pat=yy < Co | Ivollpeagy + 1 lleoqo,mpeaz=y) + 2 17 leoqo,mypaz=syy | »
Jj=0 j=1

(2.17)
where Cy, is a positive constant depending only on T.

Proof. The proof is by induction on k > 2. ~
a) Suppose that k = 2. We consider the space H := D(4,), which is Hilbertian for the scalar product
(v,w)g = (v,w) p(a,), and define the operator A,, acting in H, by

A=A, ve D(A,) = D(Ag).
Since g is real, then the sesquilinear form aq[w] := ||Vwl|3, + (qw, w)s € R for every w € H}(f2), hence
Re ((quv V)5 ) Re (i(aq[v] + a4[A40])) = 0, v € D(A,).

Moreover, for all ¢ € # it is clear that the vector vy = (iAg+1)7 2(iA, 4+ 1)p € D(A,) verifies (1A, +
1)v, = ¢, proving that Ran(i[lq +1)= #. Thus ZA is m-accretive in H. Therefore, applying Lemma
2.1 for X = H, M = iA, and h = if, we see that there is a unique function v € C([0,T]; D(A,)) N
C°([0,T]; D(A2)), that is a solution to

—iv(t) + Agu(t) = f(t), t€(0,T) (2.18)
o(0) = w, '
and fulfills
lolleoqo gy + I lesqoriocan < i (Iolloeg) + 1 lerorioy) - (219

Since v is a solution to (2.18), it is also a solution to (2.12). Hence v is the solution to (2.12), by
unlqueness Further, since A, is linear bounded from D(A,) into H and v € C*([0,T]; D(4,)), we have

Agv e CH[0,T); H) with
(Agv)' (t) = A0 (1). (2.20)



In light of (2.12) this entails that v'(t) = i(f(t) — Aqv(t)) € C1([0,T];H). As a consequence we have
v e C%([0,T);H) and

— " (t) + Ap'(t) = f(t), t € (0,T), (2.21)
according to (2.20). Moreover, (2.21) yields

[v" leoo,11:20) < 1AV Lo o, 11:20) + 11 Ilcoo,rim) < V' leoqo,11:pcay)) + 1 leo o, 71:0) -

From this and (2.19) then follows that

2
2 0P oo zyspaz-) < max(1,2C1) (||vo||D<A3) + ||f||01<[o,TJ;D<Aq>>) )
7=0

which entails (2.17) for k = 2.

b) Let us now prove the result for k¥ > 3. We suppose that the assertion holds true for all nonzero
natural numbers smaller or equal to £ — 1 and choose vy € D(A’;) and f € ﬁé?:le([O,T]; D(A’(;*j)).
We know from part a) that the solution v of (2.12) is lying in C?([0,T]; H) N C*([0,T]; D(A,)) and
satisfies (2.21). Putting w = v’ we thus find that w € C*([0,7];H) N C°([0,T]; D(A,)) is a solution to

the problem
—iw'(t) + Aqw(t) (@), te(0,7)
{ w(0) = i(f(0) - Aguo).
Since f(0) — Aquo € D(AF™!) and f' € ﬂf;llcj([O,T};D(Ag_l_j)), we deduce from the induction
hypothesis that w € ﬂ?;&Cj([QT]; D(AE=177)) and that Z?;& ||w(j)||CO([0,T];D(A57171)) is majorized,
up to the multiplicative constant Cj_1, by the following upper bound:

k—1
1£00) = Aqvoll paz=1) + IF loogoarspea=y + 2 1™ llco o mpias-1-)

j=1
k .
< ||Uo||D(A§) + Hf||co([o,T];D(Alqcfl)) + Hf/HCO([O,T];D(A’;’Z)) + Z ”f(])”CO([O,T];D(A’;*J‘)y
j=2

This entails
ity . k ‘
ZO [0l cogo,ry.ppa—-2)) < = | leollpeag) + Iflloogo s oas) +Zl 17 N oo, ry:pat—)y
J= j=
As a consequence we have _ .

v € M, C7([0,T]; D(AGT™)), (2.22)

and

k k
20l o rripiat -y < Gt | Noollocagy + I llenqo rrinias—y) + 1P lenqoryopay )
j=1 j=1

(2.23)

Now it remains to show that v € C°([0,T]; D(A})). This can be scen from (2.12) and (2.22), entailing
A = f+iv' € CO[0,T]; D(AL™)).

Therefore we have ||U||CO([0,T];D(A§)) < ||f||C0([0,T];D(A’;—1)) + ||v’||co([0,T];D(A§_1)), which together with

(2.23), yields (2.17). O

Remark 2.3. Tt is clear from (2.15)-(2.16) that the statement of Proposition 2.2 holds true for k =1
as well.



2.2 Characterizing D(A}) for k € N*

In light of Proposition 2.2 we need to describe more explicitly the domain of the operator A’; , ke N*.
Namely, under suitable assumptions on dw and g we shall characterize D(A%) as a subset of H?*((2).
The main tool we use in the derivation of this result, stated in Proposition 2.5, is the elliptic boundary
regularity property in ) established in Lemma 2.4.

2.2.1 Elliptic boundary regularity in )

We now extend the classical elliptic boundary regularity result for the Dirichlet Laplacian, which is well
known in any sufficiently smooth bounded domain of R™ (see e.g. [8, Section 2, Theorem 5.1] or [6,
Section 6.3, Theorem 5]), to the case of the unbounded cylindrical waveguide 2. Namely we consider

the following problem
—Av = ¢ inQ
{ v = 0 ondf, (2.24)

and establish the coming;:

Lemma 2.4. Let { € N, assume that 0w is C*“*'Y) and choose ¢ € H?'(Q). Then (2.24) admits a
unique solution v € H*“+1(Q), obeying

lvll2¢e41),0 < Cell¢ll2e,0, (2.25)

where Cy > 0 is a constant depending only on w and .

Proof. The proof is by induction on £ € N and relies essentially on the following decomposition of the
Dirichlet Laplacian Ag

@ ~
FAF 1= /R Ag pdp. (2.26)

Here F denotes the partial Fourier transform with respect to x,, i.e.

1

(Fw)(z',p) = w(2',p) = @02

/e‘imnw(x',xn)dxm (a'p) € 2,
R

and R
Aoy = —Dp +1°, pER, (2.27)

is the selfadjoint operator in L?(w) generated by the closed quadratic form
oyl i= [ (Vo) + 5 e P)ds's w e Diaoy) = Hiw)
Since w is a bounded domain with boundary no less than C?, we have
D(Ayy) = Hy(w) N H?(w), p € R, (2.28)
from [1]. For further reference we notice for all p € R that
(Ao pw, oo = o p[w] > (cow) + 97w, w € H(€Q) N H(Q),

where ¢o(w) > 0 is the constant appearing in the Poincaré inequality associated with the bounded
domain w. As a consequence the operator A, is boundedly invertible in L?(w) and it holds true that

1A B2y < (colw) +p*) 7Y, peR. (2.29)



In light of (2.11) and (2.28) we see that v € H}(Q)NH?(Q) is a solution to (2.24) iff v(p) € H} (w)NH?(w)
verifies

Aop0p) = @p) mw
{ ' v(p) = 0 onodw, (2.30)

for a.e. p e R.

a) Having said that we first examine the case ¢ = 0. We pick ¢ € L?(Q) and assume that dw is C2.
Since @(p) € L*(w) for a.e. p € R we deduce from [6, Section 6.3, Theorem 5] that there is a unique
solution v(p) € H?*(w) to (2.30). Taking into account that

~A,0(p) = g(p) with g(p) := §(p) — p*8(p) € L*(w), p € R,
we get (see e.g. the remark following [6, Section 6.3, Theorem 5]):

[0(P)ll2.0 < CW)llg@P)low < Cw)([I@(p)

Here and henceforth C(w) denotes some generic positive constant depending only on w. On the other
hand, since v(p) = Aa;@(p) by (2.30), we have

[o(p)
according to (2.29). From this and (2.31) then follows that

[0(P)ll20 < CWIE@)ow, pER. (2.32)

Since p — @(p) € L?(R; L?(w)) as ¢ € L?(Q), then we have v = F~ 19 € L?(R; H?(w)) and

0,w —|—p2||5)\(p) O,w)7 p eR. (231)

l0,w < (co(w) +p*)HE®)]low: P ER,

[vllL2®;m2 () < C(W)llello.0; (2.33)

by (2.32). Further, taking into account that

140,7M) 13 0 = 182 8@)IIG 0 + 20° Ve 8(@)I[5 00 + P IP@)IE 00 = 1B@)IG.0r P € R,

from (2.27) and (2.30), we get that [, p*||[0(p)[I§ .dp < ll@ll§ - This entails that v € H?*(R; L?(w))
obeys

vl 2 ®; 2 (w)) < llo,0- (2.34)
Applying [8, Section 1, Theorem 7.4] to v € L?(R; H?(w)) N H*(R; L*(w)) we find that v € H?(Q)
Moreover, the norm in L?(R; H?(w))N H?(R; L?(w)) being equivalent to the usual one in H?(£2), (2.33
(2.34) yields

).
)_

[vll2,0 < C(w)llello.q-

b) For £ > 1 fixed, assume that dw is C*“+1) and let ¢ € H?*(Q). We suppose in addition that the
claim obtained by substituting k£ € Ny_; for ¢ in Lemma 2.4, and the following estimate

k
1B(0)l2k+1)w < C@) Y P B(D)l|2(h—j)r P E R, (2.35)
§j=0

both hold true. Notice that (2.35) actually reduces to (2.32) in the particular case where £ — 1 = 0.
Taking into account that @(p) € H?'(w) for a.e. p € R and dw is C2+1) | the solution 9(p) to (2.30) is
uniquely defined in H2(“+1)(w) by [6, Section 6.3, Theorem 5], and it satisfies:

D) 206410 < C@)(12(0) 1260 + P [5(0) l26.0). (2.36)



Moreover, due to (2.35), the estimate p?||0(p)||2e0 < C(w) Z§:1 ¥ ||&(p)||2(¢—),w holds for a.e. p € R,
hence

¢
10(0)ll2(e+1)0 < C@) D P N30)la(e-j)00 P € R, (2.37)
j=0

from (2.36). As a consequence we have v € L?(R; H***1)(w)) and the following estimate:

L
V]| 2 s 2 () < C@) Y N0l 25 msmrzce- wyy < C@)llell2e,0- (2.38)

j=0
Further, multiplying (2.30) by p** yields p?“tV%(p) = p*(B(p) + A D(p)) for a.e. p € R, so we get
PGP 0w < 2 UBP) 0w + 15(p)l2.0) < Cw)p™[2(p)

by applying (2.35) with & = 0. From this then follows that v € H2(+1)(R; L2(w)), with

0wy P S Rv

[0l v @s12w)) < C@I@ll a2 @512 (0)) < CW)ll@ll2e,0- (2.39)

Summing up, we have v € L*(R; H2“+D (w)) N H2“*+D(R; L?(w)). Interpolating with [8, Section 1,
Theorem 7.4], we thus find that v € H>H1(Q). Finally, (2.25) follows from (2.38)-(2.39) and the
equivalence of norms in L?(R; H2(H1D (w)) N H2HD(R; L2 (w)) and H2+1(Q). This and (2.37) prove
the assertion of the lemma. O

2.2.2 More on D(AZ), k e N*
Armed with Lemma 2.4 we are now in position to prove the following:

Proposition 2.5. Let k € N*, g € W2(k=1.0(Q) | and assume that Ow is C?*. Then we have
D(AZ) = {v e H?*Q), Agv € H3(Q) for all j € Ny_1}. (2.40)

Moreover, || - | p(ax) is equivalent to the usual norm in H? Q). Namely, if |lqllwa-1.0() < M for
some M > 0, then we may find a constant ¢y, = c(M,w) > 0, such that we have

1
aHUHD(A’;) < [[vllzee < ckllvlpeary, v e D(AI;)- (2.41)

Proof. We proceed by induction on k € N*.
a) Case k = 1. Recalling that D(A,) = H}(Q) N H%(Q), it is enough to prove the right inequality in
(2.41). This can be done by noticing that v € D(A,) is a solution to (2.24) with ¢ = Agv — qu € H,
which entails

Iello. < Mljvllo.a + [|Agvllo.0 < max(L, M)v]pa,),
and then applying (2.25) with £ = 0.
b) Let k£ > 2 be fixed and suppose that (2.40)-(2.41) is valid for all j € Ny_;. Assume moreover that
q € W2k=1:20(Q) and dw is C?*. Pick v € D(A’;) and put ¢ = Agv — qu. Both v and Ayv are in
D(A’;fl), which is embedded in H2*~1(Q) by induction assumption, so we have ¢ € H2*F=1)(Q).
Therefore, v being solution to (2.24), it holds true that v € H?*({2), from Lemma 2.4. Moreover, the
r.h.s. of (2.41), and hence both sides, since the Lh.s. is completely straightforward, follow by applying
(2.25) with ¢ = k — 1. Further, the induction hypothesis combined with the fact that v € D(Ag_l)
(resp., Aqu € D(AE™1) for all j € Nj_,) yields v € Hg(2) (resp., Alv € Hg(Q) for all j € Nj_,).
Summing up, we have

D(AF) c {v e H*(Q), Alv € Hj(Q) for all j € Ny_1}. (2.42)



On the other hand, each v € H?¥(Q) such that AJv € Hg () for all j € Ny_y, fulfills
Ay e H**1D(Q) and A (A'v) € Hy(Q), j € Ny_a, m = 0,1,

so we get that v € D(AF™!) (resp., Aqu € D(A%™1)), by applying the induction assumption to A7"v
with m = 0 (resp., m = 1). As a consequence we have v € D(A’;), showing that the inclusion relation
may be reversed in (2.42), which proves the desired result. O

This immediately entails
Corollary 2.6. For k > 2, assume that 0w is C** and let qo,q € W2F=122(Q) 0 C2k=2)(Q) fulfill
(1.5). Then we have D(Ak) = D(AL ).

2.3 Proof of Theorem 1.1

Evidently, u is a solution to (1.1)-(1.2) iff v := u — Gp is a solution to the following boundary value
problem

—iv' —Av+qu = f inQ
v(0,z) = 0, xz€Q (2.43)
v(t,z) = 0, (t,x)€X,
where
fi=1iGH+ (A — q)Go = it(—A + q0)*uo — (¢ — q0)Go, (2.44)

and Gy is the function defined by (1.2). We first prove that
) k—1
feC>([0,T]; D(A;)), (2.45)

and
Hf”Cl([O,T];D(A’;’I)) < C||U0||2(k+1),97 (2.46)

where C' denotes some generic positive constant depending only on 7', w and M. To do that we notice
from (1.2) that Gy € C>([0, T]; H?*(£2)), with

Goller o, m;m2% () < Clluoll2e+1),0- (2.47)
As a consequence we have (q — qo)Go € C=([0, T]; H**~1(Q)). Hence Proposition 2.5 yields
(@~ q0)Go € C*([0,T]; D(AG™)), (2.48)

since every (—A + q0)’(q — qo)Go, 7 € Nj_o, vanishes on 99, by (1.5). Here we used the identity
D(Ak=1) = D(Ak-1), arising from (1.5) and Corollary 2.6. Similarly, since (—A+ qq)?ug € H**~1(Q),
we deduce from (1.4) that (—A+gqo)*ug € D(AF™). This, (2.44) and (2.48), entails (2.45), while (2.46)
follows from (2.47) and the basic estimate ||(—=A + qo)?ug|l2(s—1),0 < Clluoll2(k+1),0-

Further, referring to (2.43), we see that v is a solution to (2.12). Since f € C*([0,T]; D(Ak~1)), by
(2.45), then v is uniquely defined in N¥_,C7([0,T]; D(A%~7)) from Proposition 2.2. Moreover, bearing
in mind that f is affine in ¢, we get

k

Z Hv(j)Hco([o,T];D(A{;*J')) < CHU0H2(k+1),Q7 (2.49)
j=0

by (2.17) and (2.46). Now, upon recalling that Gg is an affine function of ¢, the claim of Theorem 1.1
follows readily from the identity u = v + Gy, (2.47), (2.49) and Proposition 2.5.
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2.4 A Sobolev embedding theorem in ()

The derivation of Corollary 1.3 from Theorem 1.1 boils down to the following result.

Lemma 2.7. Let k € N* satisfy k > n/2 and assume that Ow is C*. Then we have H*(Q) C L>(Q).
Moreover, there is a constant ¢ > 0, depending only on n, k and w, such that the estimate

Rl Lo @) < cllh

k2 (2.50)
holds for all h € H*(1).
Proof. Since w is a bounded domain of R”~! with C* boundary, there exists an extension operator

P e B(H?(w); H (R"™1)), j € Ny, (2.51)

such that
(PP = f.f € L*(w), (2.52)
according to [8, Section 1, Theorem 8.1]. Next, for all f € L?(€), put

’Pf(xlaxn) = [Pf(7l'n)]($l)7 (93/71‘”) €

It is apparent from (2.51) that P € B(H™(R; H? (w)); H™(R; HI(R™~1)) for all natural numbers m and
j such that m + j < k. As a consequence we have

P € B(H*(Q); H*(R™)). (2.53)
Moreover, it follows readily from (2.52) that
(Ph)jq = h, h € L*(). (2.54)

Pick h € H*(Q). Since Ph € H*(R™) by (2.53), then the Sobolev embedding theorem [3, Corollary
IX.13] yields Ph € L>°(R") and the estimate

IPhl ) < CI PRl ze, (2.55)
where the constant C' > 0 is independent of h. From this and (2.54) then follows that h € L>(Q), with
17| Lo () < PRl oo ) (2.56)

Putting (2.53) and (2.55)-(2.56) together we end up getting (2.50). O

3 Stability estimate

In this section we prove (1.10) by adapting the Bukhgeim-Klibanov method introduced in [4]. Tt is by
means of a Carleman estimate specifically designed for the system under consideration.

3.1 Linearization and time symmetrization

Set p := g1 — q2 so that u := u; — us is a solution to the boundary value problem

—iu' — Au+qu = —pus inQ
u(0,z) = 0, x €N (3.57)
u(t,z) = 0, (t,x) € X.
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Since u € C2([0,T]; H*“~D(Q))NC* ([0, T]; H**(Q)) by Theorem 1.1, we may differentiate (3.57) w.r.t.
t, getting

- —Av+quv = —puj) inQ
v(0,z) = —ipuy, x €K (3.58)
v(t,z) = 0, (t,x) € X,

where v := /. Since q; € Ac(qo), j = 1,2, we have pug € Hi(Q) N H*(2). Consequently v €
CL([0,T]; L*(Q)) n C°([0, T); H () N H%(Q)) by applying Remark 2.3 and Proposition 2.5 for k = 1.
Further, putting us(—t,x) = ua(t, ) for all (¢t,z) € [-T,0) x Q and bearing in mind that uy and g;,
j = 1,2, are real-valued, we deduce from (3.58) that the function v, extended on [—T',0) x Q by setting
v(t,z) == —v(—t,z), is the CY([-T, T); L*(Q)) N CO([-T,T]; HL(Q) N H?(£2))-solution to the system

—iv' —Av+quv = —puy inQ:=(-T,T)xQ
v(0,2) = —ipug, z€Q (3.59)
v(t,z) = 0, (t,x) € ¥:=(-T,T) x I.

The main tool needed for the derivation of (1.10) is a global Carleman inequality for the Schrodinger
equation in (3.59). We use the estimate derived in [7, Proposition 3.3], that is specifically designed for
unbounded cylindrical domains of the type of 2.

3.2 Global Carleman estimate for the Schrodinger equation in 2
Given the Schrodinger operator acting in (C5°)(Q),

L:=—i0 — A, (3.60)
we introduce a function 8 € C*4 (w; R4 ) and an open subset 7, of dw, satisfying the following conditions:

Assumption 3.1.
(i) 3Cy > 0 such that the estimate |V B(z')| > Co holds for all z' € w;

(ii) 8,6(x') := V(') .v(z') <0 for all ' € dw\y., where v is the outward unit normal vector to
Ow;

(111) A1 > 0, e > 0 such that we have )\|V~Ifﬁ~(x’)-§|2 +D2B(x',¢,C) > €|¢]? forall ¢ e R™ 1, 2/ e w
and X\ > Ay, where D?f(z') = (gi%ﬁ;) and D?B(z,¢,¢) denotes the R -scalar
product of D?3(x')¢ with (.

Notice that there are actual functions 3 verifying Assumption 3.1, such as w 3 @’ — |2/ — z}|?, for
an arbitrary z{, € R"~! \ @ and a subboundary v, D {2’ € dw, (2' — z() - v/ (2) > 0}.
Next, for all z = (a/, z,) € Q, put

)1gi,jgnf1

B(x) := B(a') + K, where K :=r||3|s for some 7 > 1, (3.61)
and define the two following weight functions for A > 0:
AB(@) Q2AK _ AB(x) 5
p(t,z) := TT0T =10 and n(t,z) := TTOT =0 (t,z) € Q. (3.62)
Finally, for all s > 0, we introduce the two following operators acting in (C§°)’ (Q):
My :=i0; + A+ s*|Vn|? and M, :=isn' 4+ 25V - V + s(An). (3.63)

It is apparent that M; (resp. Ms) is the adjoint (resp. skew-adjoint) part of the operator e™*"Le®7,
where L is given by (3.60).

We may now state the following global Carleman estimate, that is borrowed from [7, Proposition
3.3].
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Proposition 3.2. Let 8 and v, obey Assumption 3.1, let 8, ¢ and 1 be given by (3.61)-(3.62), and
let the operators M, j = 1,2, be defined by (3.63). Then there are two constants so > 0 and C > 0,
depending only on T, w and 7, such that the estimate

slle™ Vw2 o+ 5%l w2 5 + D IMe w2
j=1,2
< O (sle™6M2(0,8) 20,02 5+l Luol2 5)

holds for all s > so and any function w € L?(=T,T;H§()) werifying Lw € LQ(Q) and J,w €
L?(=T,T; L?3(T,)). Here T (resp., X.) stands for v. x R (resp., (=T, T) X 7. X R).

3.3 Proof of Theorem 1.4

We use the same notations as in §3.1 and, for the sake of notational simplicity, we denote the various
positive constants appearing in the derivation of Theorem 1.4 by C. Following [7, Lemmas 3.3 & 3.4],
we start by establishing the coming technical result with the aid of Proposition 3.2.

Lemma 3.3. For all s > 0, we have the estimate:
e~ pug o < € (57210 pup |3 g + 5~/ . )

Proof. Put ¢ := e *"v. In light of (3.61)-(3.62) it holds true that lim n(t,2) = +oo for all z € Q,

t4(=T)

hence il(im : ¢(t,x) = 0. As a consequence we have
th (=T

160,10 = |

(=T,0)xQ

(|¢?) (¢, z)dtdr = 2Re </( qS’(t,x)qS(t,x)dtdm) . (3.64)

—T,0)xQ2

On the other hand, (3.63) and the Green formula yield

m / Mio(t, 2)a(t, 2)dtdz | = Re / & (t,2) 60, )dtdx | + W,
(=T,0)xQ (—=T,0)x

with W := Im ( Jiropee A6t 2)B(E, 2)dtdz + 5] (V)| 37(_T,O)XQ) - Im(HW)H(Q),(_T,O)X@ = 0.
This, along with (3.64) and the identity ||¢(0,-)[o.o = [|e~*")v(0,)|o.o entail

||efsn(0,~),u(07 )”g,Q = 2Im </ M1¢(tv Z‘)d)(t,a?)dtdl‘)
(—=T,0)x2

< 2Migly gl9lloq < 572 (2lle™M0l2 o + el )
Finally, the desired result follows from this upon recalling (3.59) and applying Proposition 3.2 to v. O

Fix y > 0. In virtue of Lemma 3.3, it holds true that

&0 g0l oy < € (5720170 s g+ 571/20) s >0,

-u,y)
where i := |0, u} — ,ub||§ 5. - This entails

(v ()05 = sl Ly < C (5721l oy +5720) 5> 0, (3.65)
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since [ug(z)| > vo(y)~(1+9/2 for all 2 € w x (—y,y), by (1.9), [[ub]z=(q) < C by Corollary 1.3, and
n(0,2) > 0 for all z € Q. Taking s = (v2/(2C))~%/3(y)2(1+)/3 in (3.65) and bearing in mind that
[1(0,.)]| Lo () < €*5/T?, we thus obtain that

2(14¢€)/3 6
101 gy < CEXD™ 7 (1R gy + T 20) (3.66)

Moreover, we know from (1.8) that

J— a"'ﬂ. d’é J— mn d€ — — d€
1113 cox (2 (—g,0) < 40”|w]? e 2™ dg,, < <4<12|cv|2/e Olarn) dzlfn)e (om0,
R\(=y,y) R

From this and (3.66) then follows that
”p”g,wx(*y»y) < C<y>2(1+6)/360<y>2(1+5)/3 (e_(%_fs)(y)dle + u) . (3.67)

Set ju5 := e~ (=9 We examine the two cases p € (0, ju5) and p > ps separately. If p € (0, us) we take

1/2
In ;1 2/d. . .
y=y(p) = (— 2b—6) -1 in (3.67), getting:

2 < 2(14¢)/3 ,C(y) 2972 —(2b-6) (y) ¢
||p||0w><(—y y) — C<y> e :

Since d. > 2(1 + ¢€)/3, this entails that
P13 0 (—g) < € (§1>111)t2(1+6)/3e“2(”6)/3“”dE> e~ 20=0W" < 020 e (0, ps). (3.68)
On the other hand, it follows from (1.8) that
16116 o e\~ < © <~/]R e_wmdx”) OO < O, e (0, s). (3.69)
Putting (3.68)-(3.69) together, we obtain that

Ipll5.0 < Cu*, pe (0, us). (3.70)

Finally, if u > ps, we use the estimate ||p\|(2)Q < da?|w|(fg e=2b(@n) dzx,,), arising from (1.8), and find:

4a2|w| [ e—264@n) ™ g
lell6.0 < ( :

2 ) P < Ou, > s
Hs

Therefore, (1.10) follows from this and (3.70).

3.4 Concluding remark

In this subsection we build a class of scalar potentials ¢y and initial conditions ug, fulfilling the conditions
of Theorem 1.4. To do that we first introduce two functions us, g, : R — R, defined by

1
(1+¢€)/2 (y) == uy (y) €R

up\y Z:C:y_ y 4b y Y ) 3.71
(9) = ely) e (37)
where ¢ > 0 is some fixed constant. Evidently, we have

uy € H2D(R) and g, € W2HD2(R) 0 C(R). (3.72)
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Since w is an open bounded subset of R”~! then dw is compact in R™~! so we may find © C R" !, open
and bounded, that is a neighborhood of dw. Further, let x € C{)’OLR"’l) verify x(z') =1 for 2’ € O
and 0 < x(2') < 1 for all 2/ € R*~!, pick ¢; € W2(H1:2(Q) N C2?(Q) and choose u; € H2“+2)(Q) such

that

wi(z' mn) > up(xy,) = c(wn)_(1+e)/2, (', 2,) € Q. (3.73)

Then, upon setting for all x = (2, z,) € Q,

q0(z) = x(¢")gs(xn) + (1 = x(2"))qi(x) and ug(x) := x(z")up(zn) + (1 = x(2"))ui(), (3.74)

it is apparent from (3.72) that go € W2UH1:(Q) N C%(Q) and uy € H>“+2)(Q). Moreover, it follows
readily from (3.71) and (3.73)-(3.74) that

uo (@) 2 x(&"Yup(an) + (1 = x(@)up(n) 2 efan) "2 0 = (¢, 2,) € Q.

Finally, to show that (go,uo) satisfies (1.4), we invoke (3.74), getting

wo(2', 20) = up(xy) and qo(2’, 2,) = @p(2n), v = (', 2,) € O X R,

and consequently

(—A + qo)uo (2, zn) = —up (xn) + qp(xn)up(z,) =0, (2',2,) € QN (O x R),

by (3.71). This immediately yields

(—A+qo)2+ju0(x) =(-A +q0)1+j(—A +qo)up(z) =0, € QN(OxR), j=0,1,--- ,£—1,

which, in turn, entails (1.4), since O x R is a neighborhood of 99 in R™.
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