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Abstract. This contribution considers the time-fractional subdiffusion with a time-dependent variable-

order fractional operator of order β(t). It is assumed that β(t) is a piecewise constant function

with a finite number of jumps. A proof technique based on the Fourier method and results from

constant-order fractional subdiffusion equations has been designed. This novel approach results in the

well-posedness of the problem.

1. Introduction

The idea of fractional calculus (FC) dates back to the 17th century when mathematicians like

Leibniz and L’Hôpital pondered the meaning of differentiation and integration of noninteger orders.

Significant progress was made in the 19th century thanks to the work of mathematicians like Liouville

and Riemann.

Fractional calculus has applications in various scientific and engineering fields, including physics,

engineering, signal processing, finance, and more. It has proven to be a powerful tool for describing

systems with long-range memory, fractal phenomena, and non-local behaviour. The fractional calculus

framework provides a deeper understanding of complex phenomena that integer-order calculus cannot

adequately describe.

Machado et al. [22] summarised the historical perspective on the major developments in fractional

calculus since the 1970s. Please note that most papers studied constant-order (CO) fractional operators.

There exist various types of CO fractional derivatives (Caputo, Riemann-Liouville, Grünwald-Letnikov,

etc.), see, e.g. [25]. The Caputo and the Riemann-Liouville variations can be expressed in terms of the

Riemann-Liouville kernel g1−β :

g1−β(t) =
t−β

Γ(1− β)
, t > 0, 0 < β < 1,

where Γ represents the Gamma function. This kernel obeys

(−1)jg
(j)
1−β(t) ≥ 0, ∀t ≥ 0, j = 0, 1, 2; g′1−β 6≡ 0,

and, therefore, it is strongly positive definite by [23, Corollary 2.2]. This creates a powerful position

when establishing energy estimates for a solution.
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In the literature, several definitions of fractional derivatives and integrals in variable-order (VO)

FC can be found as generalisations of their CO counterparts, see e.g. [2, 6, 8, 10, 14, 15, 16, 20, 34, 35,

41, 33]. One of the possibilities uses the following time-dependent Riemann-Liouville kernel(
g1−β(t)

)
(t) =

t−β(t)

Γ(1− β(t))
, t > 0, 0 < β(t) < 1.

Then, the Caputo VO fractional derivative reads as follows(
∂
β(t)
t u

)
(t) =

(
g1−β(t) ∗ ∂tu

)
(t) =

∫ t

0

(t− s)−β(t−s)

Γ(1− β(t− s))
∂tu(s) ds, t > 0, 0 < β(t) < 1.

Another possibility for a slightly different VO derivative is [6, 34](
∂
β(t)
t u

)
(t) =

1

Γ(1− β(t))

∫ t

0

(t− s)−β(t)∂tu(s) ds, t > 0, 0 < β(t) < 1.

This definition will be considered in this paper. Polymers, plastics, rubber and oil are all viscoelastic

materials that are used in biology, medicine, chemical engineering and other fields. CO fractional

viscoelasticity models do not account for the evolution of the microstructure of viscoelastic materials

during deformation, which changes the mechanical properties of deforming materials. On the other

hand, in VO fractional models with a fractional time-derivative of time-dependent order, the variation

of the fractional order is used for describing the change of the mechanical properties of the material

under various loading conditions. For this reason, they can accurately predict the viscoelastic behaviour

of soft materials, see e.g., [11, 26, 32]. In these models, the fractional order can be any (0, 1)-valued

function of the time variable, but in practice, it is fitted to piecewise constant time domain data, see,

e.g. [1]. This is quite reminiscent of time-fractional multi-state regime-switching option pricing models.

Indeed, although the CO time-fractional Black-Scholes equation can account for the nonlocal properties

of the assets’ prices, see e.g. [3], it cannot describe changes in market states. Hence, regime-switching

VO time-fractional models have been proposed in [5, 28] to price options. Since each market state is

described by a CO time fractional model, the fractional order of the VO model is piecewise constant,

see, e.g. [5][Eq. (1)].

When solving a problem with time-dependent fractional derivatives, one can distinguish two major

cases:

The highest order of the time derivative is a constant: This covers parabolic and hyper-

bolic situations; see [29, 37, 36, 38, 39, 40]. In this framework, the VO time derivatives can be

interpreted as Volterra operators of lower order. Consequently, they can be incorporated into

the right-hand side of the governing differential equation. The well-posedness of the setting can

be shown using a generalised Grönwall lemma, see [13, Lemma 7.1.1] or [4, Lemma 1]. We refer

the reader to [9, 30] for a discrete version of this lemma. Up to now, the most general article

addressing this proof technique is [31], which also includes nonlinear functions of VO fractional

derivatives.
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The highest order of the time derivative is time-dependent: Kochubei [18, 19] developed

a general FC for

Dϕf(t) :=
d

dt
(ϕ ∗ f) (t)− ϕ(t)f(0),

which is based on the Laplace transform. The integral kernel has to obey some conditions

constraining ϕ to be completely monotone (cf. [12, 21]). This is very restrictive for the choice

of the kernels and, therefore, less interesting. The authors of [12] present a few examples

of practical relevance (exponential, Mittag-Leffler, and error function-type transitions). Until

now, there is no general theory that covers this situation. One would like to have the existence

and uniqueness of a solution for β(t), which is a piecewise smooth function. This case remains

an open problem.

Highlights of the paper. We consider the time-fractional diffusion problem (1.5) with the time-

dependent highest order β(t) of the fractional derivative in time. We assume that β(t) is a piecewise

constant function with a finite number of steps. In Section 3, we design a new proof technique to

establish the well-posedness of the problem (stated in Theorem 2.2) by using Fourier analysis and the

interpretation of a solution for CO FC in terms of the Mittag-Leffler function. We want to point out

that β(t) does not need to be monotone, and the convolution kernel is not positive definite. Our proof

technique is limited to a finite number of steps/jumps of β(t). Until now, we have not found a way to

treat a continuously varying β(t).

1.1. Formulation of the problem. Let Ω ⊂ Rd, d ∈ N := {1, 2, . . .}, be an open bounded domain

with Lipschitz boundary ∂Ω. We consider a general second-order linear differential operator L defined

by

L (u) = −div (A(x)∇u) + c(x)u, (1.1)

where

A(x) = (ai,j(x))i,j=1,...,d , aij ∈ L
∞(Ω,R), AT = A, c ∈ L∞(Ω,R).

Set H := L2(Ω). We assume that there exist two constants α ∈ (0,∞) and c0 ∈ [0, ακ2), where κ is

the Ω-related constant of the classical Poincaré inequality ‖∇u‖H d ≥ κ ‖u‖H for all u ∈ V := H1
0 (Ω),

the closure of C∞0 (Ω) in the first order Sobolev space H1(Ω), such that

d∑
i,j=1

aij(x)ξiξj ≥ α |ξ|2 , for a.e. x ∈ Ω and all ξ = (ξi)i=1,...,d ∈ Rd, (1.2)

and

c(x) ≥ −c0 for a.e. x ∈ Ω. (1.3)
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Moreover, for T ∈ (0,∞) fixed and for β : (0, T )→ (0, 1), we define the variable-order fractional integral

operator 0I
β(t)
t , and the variable-order fractional Caputo operator ∂β(t)

∂tβ(t)
as follows [6, 20, 34, 41]

0I
β(t)
t u(t) :=

1

Γ (β(t))

∫ t

0

u(s)

(t− s)1−β(t)
ds,

∂
β(t)
t u(t) := 0I

1−β(t)
t u′(t) =

1

Γ (1− β(t))

∫ t

0

u′(s)

(t− s)β(t)
ds. (1.4)

In this contribution, we examine the existence and uniqueness issue for the solution to the following

initial-boundary value problem (IBVP)
(
∂
β(t)
t u

)
(x, t) + L u(x, t) = f(x, t), (x, t) ∈ Ω× (0, T ),

u(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ),

u(x, 0) = u0(x), x ∈ Ω,

(1.5)

in the special case where the function β is piecewise constant. Here u0 (resp., f) is a suitable initial

condition (resp., source term) that will be made precise further.

2. Results

2.1. Definitions and notations. In what follows, the usual norm in H or H d is denoted by ‖·‖.

We introduce the following bilinear form

`(u, v) :=

d∑
i,j=1

∫
Ω

(
ai,j(x)∂xiu(x)∂xjv(x)dx+ c(x)u(x)v(x)

)
dx, u, v ∈ V .

Evidently, ` is continuous in V × V , as we have

|`(u, v)| ≤ max
1≤i,j≤d

‖ai,j‖L∞(Ω)‖∇u‖‖∇v‖+ ‖c‖L∞(Ω)‖u‖‖v‖

≤ C‖u‖H1(Ω)‖v‖H1(Ω), u, v ∈ V ,

where C = max1≤i,j≤d ‖ai,j‖L∞(Ω) +‖c‖L∞(Ω). Further, it readily follows from (1.2)-(1.3) and from the

Poincaré inequality that ` is V -coercive:

`(u, u) ≥ α‖∇u‖2 − c0‖u‖2 ≥ (ακ2 − c0)‖u‖2H1(Ω), u ∈ V .

Therefore, the linear operator L is associated with (`,V ,H ) in the sense of [7, Chap. VI, Section

3.2.5] is selfadjoint (and positive) in H , and acts on its dense domain D(L) = {u ∈ V : L u ∈ H }

as Lu = L u. Moreover, since V is compactly embedded in H , the resolvent of L is compact, and

consequently, the spectrum of L is discrete. We denote by λn, n ≥ 1, the eigenvalues of L, arranged in

non-decreasing order and repeated with the (finite) multiplicity (see, e.g., [27, Theorem XIII.64]):

0 < λ1 ≤ λ2 ≤ · · ·
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and by {Xn, n ≥ 1} an orthonormal basis in H of eigenfunctions such that LXn = λnXn.

We recall that

D(L) =

{
v ∈H :

∞∑
n=1

λ2
n |〈v,Xn〉|2 <∞

}
,

is a Banach space with respect to the norm

‖v‖D(L) :=

( ∞∑
n=1

λ2
n |〈v,Xn〉|2

)1/2

.

In the next definition, we formulate how the solution to (1.5) should be understood. We set

I := (0, T ) and we recall that the space W 1,1(I,H ) consists of functions u ∈ L1(I,H ) satisfying

∂tu ∈ L1(I,H ).

Definition 2.1. Let u0 ∈ D(L) and let f ∈ L1(I,H ). Then, a solution to the IBVP (1.5) is any

function

u ∈ L1(I,D(L)) ∩W 1,1(I,H )

satisfying the two following conditions simultaneously:

i) ∂βt u(x, t) + Lu(x, t) = f(x, t) for a.e. (x, t) ∈ Ω× I,

ii) limt↓0 ‖u(·, t)− u0‖ = 0.

2.2. Main result. Let M ∈ N. Given βj ∈ (0, 1), j = 0, 1, . . . ,M − 1, and t0 := 0 < t1 < t2 < . . . <

tM := T , we consider β : I → (0, 1) such that

β(t) := βj , t ∈ [tj , tj+1), j = 0, 1, . . . ,M − 1.

Moreover, we put Ij := (tj , tj+1), j = 0, . . . ,M − 1. Then, the main result of this paper can be stated

as follows.

Theorem 2.2. Let u0 ∈ D(L), let f ∈W 1,1
(
∪M−1
j=0 Ij ,H

)
, and assume that for all j = 0, . . . ,M − 1,

∃εj ∈ (0, 1− βj) such that
∥∥(· − tj)βj+εjf ′

∥∥
L∞(Ij ,H )

<∞. (2.1)

Then, the IBVP (1.5) admits a unique solution

u ∈ C0(I,D(L)) ∩W 1,1(I,H )

in the sense of Definition 2.1. Moreover, there exists a positive constant C, depending only on Ω, T

and {(tj , βj , εj), j = 0, . . . ,M − 1}, such that

‖u‖C0(I,D(L)) + ‖u‖W 1,1(I,H )

≤C

‖u0‖D(L) +

M−1∑
j=0

(
‖f‖W 1,1(Ij ,H ) +

∥∥(· − tj)βj+εjf ′
∥∥
L∞(Ij ,H )

) . (2.2)
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2.3. Outline and comments. Making use of an auxiliary result stated in Proposition 3.1, of which

the proof is postponed to Section 4, we will prove the main result of this article, Theorem 2.2, in

Section 3.

Theorem 2.2 claims existence of a unique solution u in the sense of Definition 2.1 to the IBVP

(1.5) provided that the initial state u0 ∈ D(L) and the source term f ∈ W 1,1
(
∪M−1
j=0 Ij ,H

)
satisfies

the condition (2.1). According to it, the first-order time derivative f ′(·, t) should not blow up faster as

t ↓ tj , j = 0, . . . ,M − 1, than the power function (t− tj)−κj for some κj ∈ (0, 1). Such a condition is a

key element to the proof of Theorem 2.2. The reason is as follows.

For all j = 0, . . . ,M − 1, u|Ij is characterised as a solution on the interval Ij to a time-fractional

PDE of constant order βj , with source term fj . Namely, we have f0 = f , while fj − f is expressed in

terms of the first-order time derivative of the functions u|Ik , k = 0, . . . , j − 1, when j = 1, . . . ,M − 1,

see (3.3) and (3.7). In the peculiar case where j = 1 in (3.3), we have

f ′1(·, t) = f ′(·, t) +
β1

Γ(1− β1)

∫ t1

0

(t− s)−1−β1u′(·, s)ds, t ∈ I1,

so we need a good control on u′|I0 in order to guarantee that f ′1(·, t) ∈ L1(I1,H ). This is achieved by

enforcing the condition (2.1) with j = 0 on f , see (4.15).

Finally, we point out that the statement of Theorem 2.2 is no longer valid when M goes to infinity.

This can be understood from the identity (3.8) and the estimate (3.11) below (where the notation vj

stands for u|Ij ), as the constant in the inequality (2.2) blows up when M becomes infinitely large.

3. Proof of Theorem 2.2

The proof of Theorem 2.2 relies on the Fourier method, results of CO FC and an auxiliary result

(Proposition 3.1). We split the proof into three parts, which can be found in the next subsections.

3.1. The Fourier method. Using the Fourier method, we build the solution to the IBVP (1.5).

Namely, assuming that u is a solution to (1.5) in the sense of Definition (2.1), we write

u(·, t) =

∞∑
n=1

un(t)Xn, t ∈ I,

where un(t) := 〈u(·, t), Xn〉H . Evidently, for each n ∈ N, un is the solution to the following fractional

differential system (FDS)  ∂βt un + λnun = f0,n, t ∈ I,

un(0) = u0,n,
(3.1)
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with source term f0,n(t) := 〈f(·, t), Xn〉H and initial state u0,n := 〈u0, Xn〉H . Therefore, the function

vj,n := un|Ij , j = 0, 1, . . . ,M − 1, n ∈ N, solves
∫ t

tj

(t− s)−βj
Γ(1− βj)

v′j,n(s)ds+ λnvj,n(t) = fj,n(t), t ∈ Ij ,

vj,n(tj) = υj,n,

(3.2)

where

fj,n(t) := f0,n(t)−
j−1∑
k=0

∫ tk+1

tk

(t− s)−βj
Γ(1− βj)

v′k,n(s)ds, t ∈ Ij , (3.3)

and

υ0,n := u0,n, υj,n := vj−1,n(tj), j = 1, . . . ,M − 1. (3.4)

Here and in the remaining part of this text, any finite sum over k = 0 to j − 1 is taken equal to zero

when j = 0.

As a consequence, for all j = 0, 1, . . . ,M − 1 and all n ∈ N, we get by substituting t− tj for t in

[17, Theorem 5.15], that the solution to (3.2) reads

vj,n(t) := υj,nEβj ,1(−λn(t− tj)βj ) +

∫ t

tj

(t− s)−1+βjEβj ,βj (−λn(t− s)βj )fj,n(s)ds, t ∈ Ij , (3.5)

where Eα,β denotes the two-parameter Mittag-Leffler function defined by Eα,β(z) =
∑∞
k=0

zk

Γ(αk+β) , see

[24, Eq. (1.56)]. By [24, Theorem 1.6], we have for α ∈ (0, 2) and β > 0 that

∃CE > 0, ∀z ∈ [0,∞), |Eα,β(−z)| ≤ CE
1 + z

≤ CE . (3.6)

3.2. Auxiliary result. With reference to (3.3) and (3.5), we set

vj(·, t) :=

∞∑
n=1

vj,n(t)Xn, fj(·, t) :=

∞∑
n=1

fj,n(t)Xn, t ∈ Ij , for j = 0, 1, . . . ,M − 1, (3.7)

and we note from this that

u|Ij =

∞∑
n=1

un|IjXn =

∞∑
n=1

vj,nXn = vj .

The proof of Theorem 2.2 essentially relies on the following technical result.

Proposition 3.1. Suppose that u0 and f satisfy the assumptions of Theorem 2.2. Then, putting

Fj := ‖u0‖D(L ) +

j∑
k=0

(
‖f‖W 1,1(Ik,H ) +

∥∥(· − tk)βk+εkf ′
∥∥
L∞(Ik,H )

)
, j = 0, . . . ,M − 1, (3.8)

we have for all j = 0, . . . ,M − 1:

(i) fj ∈W 1,1(Ij ,H ) and the estimates

‖fj‖W 1,1(Ij ,H ) ≤ CjFj , (3.9)

∥∥f ′j(·, t)∥∥ ≤ CjFj(t− tj)−βj−εj , t ∈ Ij . (3.10)
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(ii) vj ∈ C0(Ij , D(L)) ∩W 1,1(Ij ,H ) and the estimates

‖vj‖C0(Ij ,D(L)) + ‖vj‖W 1,1(Ij ,H ) ≤ CjFj , (3.11)∥∥v′j(·, t)∥∥ ≤ CjFj(t− tj)−1+βj , t ∈ Ij . (3.12)

Here and in the remaining part of this text, Cj denotes a generic positive constant depending only on

{(Ik, βk, εk), k = 0, . . . , j}, which may change from line to line.

The proof of Proposition 3.1 being quite tedious, we postpone it to Section 4.

We notice from Proposition 3.1 that υj ∈ D(L) for all j = 0, . . . ,M − 1 (this follows from the

identity υ0 = u0 and the assumption u0 ∈ D(L) when j = 0, and from Proposition 3.1(ii), namely

from vj ∈ C0(Ij , D(L)), when j = 1, . . . ,M − 1, since vj−1(·, tj) = υj in this case). Moreover, we have

vj(·, tj) = υj for all j = 0, . . . ,M − 1, by virtue of (3.5)-(3.7), and consequently

vj−1(tj) = vj(tj), j = 1, . . . ,M − 1. (3.13)

Now, since vj ∈ C0(Ij , D(L)) for all j = 0, . . . ,M − 1, by Proposition 3.1(ii), (3.13) and the identity

vj = u|Ij then yield that

u ∈ C0(I,D(L)). (3.14)

3.3. End of the proof of Theorem 2.2. Let us first prove that u′ ∈ L1(I,H ). To this end, taking

into account that u ∈ L1(I,H ), according to (3.14) and the embedding C0(I,D(L)) ⊂ L1(I,H ), we

find for every ϕ ∈ C∞0 (I) and a.e. x ∈ Ω, that

〈u′(x, ·), ϕ〉C∞0 (I)′×C∞0 (I) = −〈u(x, ·), ϕ′〉C∞0 (I)′×C∞0 (I)

= −
M−1∑
j=0

∫ tj+1

tj

vj(x, t)ϕ
′(t)dt

=

M−1∑
j=0

∫ tj+1

tj

v′j(x, t)ϕ(t)dt−
M−1∑
j=0

(vj(x, tj+1)ϕ(tj+1)− vj(x, tj)ϕ(tj)) .

Here we used that vj ∈W 1,1(Ij ,H ) for all j = 0, . . . ,M − 1, as stated in Proposition 3.1(ii). Further,

bearing in mind that vj ∈ C0(Ij ,H ) and that ϕ(0) = ϕ(T ) = 0, we see that

M−1∑
j=0

(vj(x, tj+1)ϕ(tj+1)− vj(x, tj)ϕ(tj)) = 0, x ∈ Ω.

Thus, we have

〈u′(x, ·), ϕ〉C∞0 (I)′,C∞0 (I) =

M−1∑
j=0

∫ tj+1

tj

v′j(x, t)ϕ(t)dt, x ∈ Ω,

for all ϕ ∈ C∞0 (I), from where we get that

u′(x, t) =

M−1∑
j=0

χIj (t)v
′
j(x, t), x ∈ Ω, t ∈ I, (3.15)
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where χI denotes the characteristic function of I. As a consequence we have u′ ∈ L1(I,H ) from

Proposition 3.1(ii), and hence u ∈ C0(I,D(L)) ∩W 1,1(I,H ) by (3.14). Next, for all j = 0, . . . ,M − 1

we have ∫ t

tj

(t− s)−βj
Γ(1− βj)

v′j(x, s)ds+ Lvj(x, t) = fj(x, t), x ∈ Ω, t ∈ Ij ,

from the first equation of (3.1) and (3.7), whence

∫ t

0

(t− s)−βj
Γ(1− βj)

u′(x, s)ds+ Lu(x, t) = f(x, t), x ∈ Ω, t ∈ Ij ,

by (3.3) and (3.15). Moreover, we have u(·, 0) = u0 from (3.5)-(3.7) and the identities u|I0 = v0 and

υ0 = u0. This proves that u is a solution to the IBVP (1.5) in the sense of Definition 2.1. There exists

at most one solution to (1.5) since the solution to (3.2) on Ij , j = 0, . . . ,M − 1, is unique according to

[17, Theorem 4.3].

Finally, since u(·, t) =
∑M−1
j=0 χIj (t)vj(·, t) for all t ∈ I, we have

‖u‖C0(I,D(L) = max{‖vj‖C0(Ij ,D(L) , j = 0, . . . ,M − 1}, (3.16)

and

‖u‖W 1,1(I,H ) =

M−1∑
j=0

‖vj‖W 1,1(Ij ,H ) , (3.17)

according to (3.15), so we obtain (2.2) by combining (3.11) with (3.16)-(3.17).

4. Proof of Proposition 3.1

The proof is by induction on j. Given j ∈ {1, . . . ,M − 1}, the induction hypothesis (IH)j is that

the claim of Proposition 3.1 (and in particular the estimates (3.9) – (3.12)) holds when k = 0, 1, . . . , j−1

is substituted for j in its statement.

As the method of the proof is basically the same for j = 0 and for j ∈ {1, . . . ,M − 1}, we start

with the inductive step, only pointing out in the initial step the specifics of the proof for j = 0 when

needed.

4.1. Inductive step. Let j ∈ {1, . . . ,M−1} be fixed. Assuming (IH)j , we aim to prove the statement

of Proposition 3.1.

4.1.1. Proof of (i). We split the proof into two main steps.
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Step 1. We start by showing that fj ∈ L1(Ij ,H ) satisfies the estimate

‖fj‖L1(Ij ,H ) ≤ CjFj . (4.1)

To this purpose we refer to (3.3) and (3.7), and obtain that

fj(·, t) =

∞∑
n=1

(
f0,n(t)−

j−1∑
k=0

∫ tk+1

tk

(t− s)−βj
Γ(1− βj)

v′k,n(s)ds

)
Xn, t ∈ Ij . (4.2)

Next, for all N ∈ N we have∥∥∥∥∥
N∑
n=1

(
f0,n(t)−

j−1∑
k=0

∫ tk+1

tk

(t− s)−βj
Γ(1− βj)

v′k,n(s)ds

)
Xn

∥∥∥∥∥
≤

∥∥∥∥∥
N∑
n=1

f0,n(t)Xn

∥∥∥∥∥+
1

Γ(1− βj)

j−1∑
k=0

∫ tk+1

tk

(t− s)−βj
∥∥∥∥∥
N∑
n=1

v′k,n(s)Xn

∥∥∥∥∥ds

≤ ‖f(·, t)‖+
1

Γ(1− βj)

j−1∑
k=0

∫ tk+1

tk

(t− s)−βj ‖v′k(s)‖ds,

and (t − s)−βj ≤ (t − tk+1)−βj whenever s ≤ tk+1 ≤ tj < t and k = 0, . . . , j − 1. This and (4.2) yield

that

‖fj(·, t)‖ ≤ ‖f(·, t)‖+
1

Γ(1− βj)

j−1∑
k=0

(t− tk+1)−βj ‖v′k‖L1(Ik,H ) , t ∈ Ij .

Thus, we get, by integrating with respect to t over Ij and using that (tj+1−tk+1)1−βj−(tj−tk+1)1−βj ≤

t
1−βj
j+1 for all k = 0, . . . , j − 1, that

‖fj‖L1(Ij ,H ) ≤ ‖f‖L1(Ij ,H ) +
t
1−βj
j+1

Γ(2− βj)

j−1∑
k=0

‖v′k‖L1(Ik,H ) .

Now, applying (IH)j , and more precisely (3.11) where k = 0, . . . , j− 1 is substituted for j, we find that

‖fj‖L1(Ij ,H ) ≤ ‖f‖L1(Ij ,H ) +
t
1−βj
j+1

Γ(2− βj)

j−1∑
k=0

CkFk,

and (4.1) follows from this and the estimates Fk ≤ Fj−1 for k = 0, . . . , j − 1.

Step 2. Having established (4.1), we turn now to the proof of (3.10). This can be achieved by differen-

tiating (4.2) with respect to t ∈ Ij : we obtain that

f ′j(·, t) = f ′(·, t) +
βj

Γ(1− βj)

j−1∑
k=0

∫ tk+1

tk

(t− s)−1−βjv′k(·, s)ds,

and hence that

∥∥f ′j(·, t)∥∥ ≤ ‖f ′(·, t)‖+
βj

Γ(1− βj)

j−1∑
k=0

∫ tk+1

tk

(t− s)−1−βj ‖v′k(·, s)‖ds. (4.3)
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The main difficulty lies in handling the term k = j − 1 in the above summation. We distinguish in two

cases. In the first one, when k = 0, . . . , j − 2, we get upon using that (t− s)−1−βj ≤ (tj − tj−1)−βj−1

for all t ∈ Ij and s ∈ Ik, that∫ tk+1

tk

(t− s)−1−βj ‖v′k(·, s)‖ds =

∫ tk+1

tk

(t− s)−1−βj (s− tk)−1+βk
∥∥(s− tk)1−βkv′k(·, s)

∥∥ds

≤ (tj − tj−1)−1−βj
(∫ tk+1

tk

(s− tk)−1+βkds

)∥∥(· − tk)1−βkv′k
∥∥
L∞(Ik,H )

≤ β−1
k (tj − tj−1)−1−βj (tk+1 − tk)βk

∥∥(· − tk)1−βkv′k
∥∥
L∞(Ik,H )

. (4.4)

In the second case, when k = j−1, we have (t−s)−βj−εj ≤ (t−tj)−βj−εj and (t−s)−1+εj ≤ (tj−s)−1+εj

for all t ∈ Ij and s ∈ Ij−1, whence∫ tj

tj−1

(t− s)−1−βj
∥∥v′j−1(·, s)

∥∥ds

=

∫ tj

tj−1

(t− s)−βj−εj (t− s)−1+εj (s− tj−1)−1+βj−1(s− tj−1)1−βj−1
∥∥v′j−1(s)

∥∥ ds

≤ (t− tj)−βj−εj
(∫ tj

tj−1

(tj − s)−1+εj (s− tj−1)−1+βj−1ds

)∥∥(· − tj−1)1−βj−1v′j−1

∥∥
L∞(Ij−1,H )

.

Further, by performing the change of variable r =
s−tj−1

tj−tj−1
in the integral of the above line, we see that∫ tj

tj−1

(tj − s)−1+εj (s− tj−1)−1+βj−1ds = (tj − tj−1)−1+βj−1+εj

(∫ 1

0

(1− r)−1+εjr−1+βj−1dr

)
= (tj − tj−1)−1+βj−1+εjB(βj−1, εj),

where B denotes the beta function

B(r1, r2) :=

∫ 1

0

sr1−1(1− s)r2−1ds, r1 ∈ (0,∞), r2 ∈ (0,∞).

As a consequence, we have for all t ∈ Ij ,∫ tj

tj−1

(t− s)−1−βj
∥∥v′j−1(·, s)

∥∥ds

≤ (tj − tj−1)−1+βj−1+εjB(βj−1, εj)
∥∥(· − tj−1)1−βj−1v′j−1

∥∥
L∞(Ij−1,H )

(t− tj)−βj−εj .

Putting this together with (4.3)-(4.4), and applying (3.12) where k = 0, . . . , j − 1 is substituted for j,

in accordance with (IH)j , we find for a.e. t ∈ Ij that the difference

(t− tj)βj+εj
∥∥f ′j(·, t)∥∥− (t− tj)βj+εj ‖f ′(·, t)‖

is upper bounded by the constant

βj
Γ(1− βj)

(
(tj+1 − tj)βj+εj
(tj − tj−1)1+βj

j−2∑
k=0

Ck(tk+1 − tk)βk

βk
Fk +

Cj−1B(βj−1, εj)

(tj − tj−1)1−βj−1−εj
Fj−1

)
≤ CjFj−1.

Now, (3.10) follows readily from this and (2.1). Moreover, using (4.1) and recalling that βj+εj ∈ (0, 1),

we get (3.9) by integrating (3.10) over Ij .
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We turn now to showing (ii), but prior to that, we notice for further use from (3.9) and from the

continuous embedding W 1,1(Ij ,H ) ⊂ C0(Ij ,H ), that

‖fj(·, t)‖ ≤ CjFj , t ∈ Ij . (4.5)

4.1.2. Proof of (ii). The proof of the second claim, (ii), of Proposition 3.1 being quite lengthy, we break

it into two parts.

Step 1. The first step is to show that vj ∈ C0(Ij , D(L)) satisfies ‖vj‖C0(Ij ,D(L)) ≤ CjFj . To do that, we

recall from (i) that the function t 7→ fj,n(t) = 〈fj(·, t), Xn〉 ∈W 1,1(Ij), for all n ∈ N. Then, bearing in

mind that

d

dt
Eα,1(−λntα) = −λntα−1Eα,α (−λntα) , t > 0.

and integrating by parts, we obtain for all t ∈ Ij that

∫ t

tj

(t− s)−1+βjEβj ,βj (−λn(t− s)βj )fj,n(s)ds

=
1

λn

(
Eβj ,1(0)fj,n(t)− Eβj ,1(−λn(t− tj)βj )fj,n(tj) +

∫ t

tj

Eβj ,1(−λn(t− s)βj )f ′j,n(s)ds

)
.

As a consequence, we have for all N ∈ N that∥∥∥∥∥
N∑
n=1

(∫ t

tj

(t− s)−1+βjEβj ,βj (−λn(t− s)βj )fj,n(s)ds

)
Xn

∥∥∥∥∥
D(L)

≤

∥∥∥∥∥
N∑
n=1

(
Eβj ,1(0)fj,n(t)− Eβj ,1(−λn(t− tj)βj )fj,n(tj)

)
Xn

∥∥∥∥∥
+

∥∥∥∥∥
N∑
n=1

(∫ t

tj

Eβj ,1(−λn(t− s)βj )f ′j,n(s)ds

)
Xn

∥∥∥∥∥ , t ∈ Ij . (4.6)

The first term on the right-hand side of (4.6) is simply handled by (3.6), as follows:∥∥∥∥∥
N∑
n=1

(
Eβj ,1(0)fj,n(t)− Eβj ,1(−λn(t− tj)βj )fj,n(tj)

)
Xn

∥∥∥∥∥
≤

∥∥∥∥∥
N∑
n=1

Eβj ,1(0)fj,n(t)Xn

∥∥∥∥∥+

∥∥∥∥∥
N∑
n=1

Eβj ,1(−λn(t− tj)βj )fj,n(tj)Xn

∥∥∥∥∥
≤ CE

( N∑
n=1

|fj,n(t)|2
)1/2

+

(
N∑
n=1

|fj,n(tj)|2
)1/2


≤ CE (‖fj(·, t)‖+ ‖fj(·, tj)‖) . (4.7)

As for the second term, we get through standard computations that∥∥∥∥∥
N∑
n=1

(∫ t

tj

Eβj ,1(−λn(t− s)βj )f ′j,n(s)ds

)
Xn

∥∥∥∥∥ ≤
∫ t

tj

∥∥∥∥∥
N∑
n=1

Eβj ,1(−λn(t− s)βj )f ′j,n(s)Xn

∥∥∥∥∥ds
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≤ CE
∫ t

tj

(
N∑
n=1

∣∣f ′j,n(s)
∣∣2)1/2

ds

≤ CE
∫ t

tj

∥∥f ′j(s)∥∥ds.

This and (4.6)-(4.7) then yield that for all t ∈ Ij ,∥∥∥∥∥
∞∑
n=1

(∫ t

tj

(t− s)−1+βjEβj ,βj (−λn(t− s)βj )fj,n(s)ds

)
Xn

∥∥∥∥∥
D(L)

≤ CE
(

2 ‖fj‖C0(Ij ,H ) +
∥∥f ′j∥∥L1(Ij ,H )

)
. (4.8)

Now, taking into account that∥∥∥∥∥
∞∑
n=1

υj,nEβj ,1(−λn(t− tj)βj )Xn

∥∥∥∥∥
D(L)

=

( ∞∑
n=1

λ2
n |υj,n|

2
Eβj ,1(−λn(t− tj)βj )2

) 1
2

≤ CE

( ∞∑
n=1

λ2
n |υj,n|

2

) 1
2

≤ CE ‖υj‖D(L) , t ∈ Ij , (4.9)

and recalling (3.5)-(3.7), we deduce from (4.8) that

‖vj(·, t)‖D(L) ≤ CE
(
‖υj‖D(L) + 2 ‖fj‖C0(Ij ,H ) +

∥∥f ′j∥∥L1(Ij ,H )

)
, t ∈ Ij . (4.10)

Next, bearing in mind that υj = vj−1(·, tj) since j ≥ 1 here, we infer from (IH)j (namely, upon

substituting j − 1 for j in (3.11)) that

‖υj‖D(L) ≤ Cj−1Fj−1. (4.11)

By inserting this, (3.9) and (4.5) into (4.10), we obtain that

‖vj(·, t)‖D(L) ≤ CjFj , t ∈ Ij . (4.12)

Further, we see from (3.5) that for all fixed N ∈ N, the function t 7→
∑N
n=1 vj,n(t)Xn ∈ C0(Ij , D(L)).

Moreover, with reference to (3.5)-(3.7), it is clear from (4.8)-(4.9) that the series
∑∞
n=1 vj,n(t)Xn

converges to vj(·, t) in D(L), uniformly in t ∈ Ij . Therefore, we have

vj ∈ C0(Ij , D(L)) (4.13)

and the estimate

‖vj‖C0(Ij ,D(L)) ≤ CjFj , (4.14)

according to (4.12).
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Step 2. Having established (4.13)-(4.14), we turn now to proving the estimate (3.12). For this purpose,

we differentiate (3.5) with respect to t ∈ Ij , and obtain that

v′j,n(t) = (fj,n(tj)− λnυj,n)(t− tj)−1+βjEβj ,βj (−λn(t− tj)βj )

+

∫ t

tj

(t− s)−1+βjEβj ,βj (−λn(t− s)βj )f ′j,n(s)ds, n ∈ N. (4.15)

Next, using (3.6), we get for all N ∈ N and all t ∈ Ij that∥∥∥∥∥
N∑
n=1

(
fj,n(tj)− λnυj,n)(t− tj)−1+βjEβj ,βj (−λn(t− tj)βj

)
Xn

∥∥∥∥∥
≤

∥∥∥∥∥
N∑
n=1

fj,n(tj)(t− tj)−1+βjEβj ,βj
(
−λn(t− tj)βj

)
Xn

∥∥∥∥∥
+

∥∥∥∥∥
N∑
n=1

λnυj,n(t− tj)−1+βjEβj ,βj
(
−λn(t− tj)βj

)
Xn

∥∥∥∥∥
≤ CE(t− tj)−1+βj

( N∑
n=1

|fj,n(tj)|2
)1/2

+

(
N∑
n=1

λ2
n |υj,n|

2

)1/2


≤ CE(t− tj)−1+βj
(
‖fj(·, tj)‖+ ‖υj‖D(L)

)
and that ∥∥∥∥∥

N∑
n=1

(∫ t

tj

(t− s)−1+βjEβj ,βj (−λn(t− s)βj )f ′j,n(s)ds

)
Xn

∥∥∥∥∥
≤
∫ t

tj

(t− s)−1+βj

∥∥∥∥∥
N∑
n=1

Eβj ,βj (−λn(t− s)βj )f ′j,n(s)Xn

∥∥∥∥∥ds

≤ CE
∫ t

tj

(t− s)−1+βj

(
N∑
n=1

∣∣f ′j,n(s)
∣∣2)1/2

ds

≤ CE
∫ t

tj

(t− s)−1+βj
∥∥f ′j(·, s)∥∥ds.

Therefore, it follows from (3.5)-(3.7) and (4.15) that for all t ∈ Ij ,

∥∥v′j(·, t)∥∥ ≤ CE
(

(t− tj)−1+βj
(
‖fj(·, tj)‖+ ‖υj‖D(L)

)
+

∫ t

tj

(t− s)−1+βj
∥∥f ′j(·, s)∥∥ds

)
. (4.16)

Moreover, since βj + εj ∈ (0, 1), we apply (3.10) and get for all t ∈ Ij that∫ t

tj

(t− s)−1+βj
∥∥f ′j(·, s)∥∥ ds

≤
∥∥(· − tj)βj+εjf ′j

∥∥
L∞(Ij ,H )

∫ t

tj

(t− s)−1+βj (s− tj)−βj−εjds

≤ CjFjB(1− βj − εj , βj)(t− tj)−εj

≤ CjFjB(1− βj − εj , βj)(tj+1 − tj)1−βj−εj (t− tj)−1+βj ,
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so we obtain (3.12) by plugging the above estimate, (4.5) and (4.11) into (4.16). Finally, (3.11) follows

straightforwardly from (3.12) and (4.14).

4.2. Base step. Firstly, since f0 = f|I0 , it is clear from the assumption f|I0 ∈ W 1,1(I0,H ) and from

(2.1) that the claims of (i) in Proposition 3.1, hold for j = 0.

Secondly, taking j = 0 in the derivation of (4.10), we get that for all t ∈ I0,

‖v0(·, t)‖D(L) ≤ CE
(
‖u0‖D(L) + 2 ‖f‖C0(I0,H ) + ‖f ′‖L1(I0,H )

)
. (4.17)

Similarly, since∫ t

0

(t− s)−1+β0 ‖f ′(·, s)‖ ds ≤ B(1− β0 − ε0, β0)t1−β0−ε0
1

∥∥(·)β0+ε0f ′
∥∥
L∞(Ij ,H )

t−1+β0 ,

for all t ∈ I0, we find upon mimicking the proof of (4.16) that

‖v′0(·, t)‖ ≤ CE
(
‖u0‖D(L) + ‖f(·, 0)‖+ B(1− β0 − ε0, β0)t−1+β0

1

∥∥(·)β0+ε0f ′
∥∥
L∞(I0,H )

)
t−ε0 . (4.18)

Therefore, the estimates (3.11)-(3.12) for j = 0 follow from (4.17)-(4.18) and the continuity of the

embedding W 1,1(I0,H ) ⊂ C0(I0,H ).

This completes the proof of the proposition.
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